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INTRODUCTION

IT has recently become well recognized that one
can describe the crystallographic imperfections,
such as dislocations, in terms of non-Riemannian
geometry. An important kind of imperfection,
called the dislocation, has especially the character
of the torsion in the non-Riemannian material
manifold so introduced (see [1], [2], [3] etc.).
Quite a number of remarkable plastic charater-
istics of materials have been analyzed in such
an approach. It has also been clarified how, or
in what relation, the conventional crystallograph-
ical dislocation theory stands to the theory of
yielding constructed by Professor K. Kondo using
differential geometrical terminology.!’ Here we
shall attempt to elaborate a little more the
geometrization of the theory of materials in order
to analyze moving dislocations which cause the
change of the plastic state.

It is well known that moving dislocations play
an important role for the change of plastic state.
Kondo treated the motion of a dislocation as the
production of a dislocation pair and clarified its
geometrical counterpart [7]. The geometrization
of moving dislocation fields was first tried in a
RAAG Research Note [8], on which the present
paper is based.

We shall first construct a four-dimensional
material manifold, which has three ordinary
spatial coordinates to specify the position of the
material element and a time coordinate. A metric
and a Ruclidean connexion will be introduced

* Kyushu University, Fukuoka, Japan.
1) See, e.g.. [11, 141, (5], [6].

into the manifold by mapping small material-time
pieces tosmall perfect crystal-time pieces. Generally
this mapping cannot be performed as a continuous
mapping but as a piecewise mapping of torn
material-times. Thus, the material-time manifold
can be treated as a non-Riemannian space. The
torsion tensor, thus obtained, will be proved to
represent the dislocation distribution as well as
their motion. By classifying the components of
the torsion tensor, the types of the motion of
dislocations as well as the types of dislocations
themselves will spontaneously be classified.

As dislocations move, the plastic state changes
and so does the incompatibility distribution. The
latter will be grasped as the flow of incompati-
bilities and we can prove the continuity of the
incompatibility flow. Moreover, the anelasticity
tensor, which has been introduced phenomenolog-
ically by C. Eckart [9] in order to represent the
rate of the change of the natural metric, can be
derived from the tensor representing the motion
of dislocations.

1. Construction of Four-Dimensional Material
Space

In order to obtain the geometrical terminology
suitable for expressing the réle of moving dislo-
cations, a four-dimensional space will be con-
structed for a crystal including moving imperfec-
tions. It will be done in a manner quite similar
to that which has been adopted in the construction
of the three-dimensional non-Riemannian material
space,? so that the space handled in the following

2) See, e.g., D-IX [101.
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is non-Riemannian. In this paper, however, small
disturbances are assumed and the distant paral-
lelism approach is resorted to merely for simplic-
ity’s sake. A more general non-Riemannian ap-
proach is also feasible and it will afford a natural
extension of the present viewpoint.

1.1. Four-dimensional material manifold. Each
point of a crystal including moving imperfections
can be marked by the four-dimensional Cartesian
coordinates of the position-time

o, k=0,1,2,3

which it occupies in real space-time, where x° =
t denotes the time coordinate and «*'s (k=1,2,3)
denote the space coordinates. In other words, a
point a* (k=0,1,2,3) means a location z* (=
1,2,3) in real space at time x%={. We can regard
the imperfect crystal, the points of which are
marked by these coordinates, as a four-dimensional
manifold.

An imperfect crystal is distorted, in the sense
that some strains exist in the space or the crys-
tallographic axes are distorted from those of a
perfect crystal, and also that each point of the
crystal is moving, i.e. it changes its attribute
in regard to time. We cannot remove all these
distortions without tearing the material, for it is
plastically deformed and includes dislocations.

In order to examine the distorted state of the
crystal, let us tear it into an aggregate of small
material-time pieces and relax each piece by
removing all distortion. Then each piece becomes
a perfect crystal-time. We refer to this aggregate
of small relaxed material-times as being in the
“natural state”, and we call the tearing and
relaxing process “naturalization”.

! Yo

world line =t

Fic.1

With the naturalization process, an infinitesimal
vector line-element dz* in the distorted crystal
is brought to (d2)* (¢=0,1,2,3) in the natural
state, where (a) denotes a Cartesian coordinate
system (see Iig.1). We can regard (dz)® the

components of the vector da® with reference to
a new reference frame, which we call the “natural
frame”, and it is generally non-holonomic in cor-
respondence with the tearing process.

It can be assumed that da* and (dz)® are
linearly related

dax*=B%(dx)*, (1-1)
(dz) *=B%x*,

where BtB¢=g%, B:Bb=0b hold. Bi's are func-
tions of «?. If the torn pieces in the natural state
are so rearranged, then all the corresponding
crystallographic axes will become parallel. This
is a permissible process.?? By this rearrangement,
we can determine Bg uniquely, and this means to
introduce the assumption of distant parallelism.?
A set of vectors e, (¢=0,1,2,3) can be associated
with each point of the distorted material-time as
a basis of the natural frame (a). Obviously the
k-th component of e, is Bf. The spatial set e;
(@=1,2,3) of e,’s can be determined by referring
to the crystallographic axes, whereas e, can be
detemined by referring to the velocity v or the
trace of the motion of the material point. The
trace may be called a “world-line” in a sense
slightly different from that in the theory of
relativity.

= - T
tytrace of motion
naturalize
\ — o

P S
SR

spatial (=1, spatial

Fic. 2

Here let us determine e, or the transformation
tensor B¥, by which the distorted state of mate-
rial is represented. Splitting (1-1) into the spatial
and time terms, we have

dw* =B} (d:v)“—i—Bodr,} 1-2)

dt =B (dx) * + BYdr,

where & and @ run over the spatial coordinates
alone, ie. % @=1,2,3, and we put dz%=d¢ for
the k-frame, da%=dc for the (@)-frame. We can
see that a spatial vector (da)®= ((d=z)?, 0) in the

1) This process is clarified as the perfect tearing and
refurbishment [11].
2) See [101.

— 285 —



144 Non-Holonomic Geometry of Plasticity and Yielding

natural state is the image of a spatial vector dx*
= (dz*®, 0) of the deformed state (see Fig.2).
Hence putting dt=dz=0 in (1-2), we have
BI=0 (@=1,2,3) (1-3)

and we see that B: represent the spatially de-
formed state at an instant ¢. Notice the assumption
(1-3) which indicates that the time is not essen-
tially affected by the naturalization or tearing,
so that the special relativistic formalism is not
assumed. Next, we see that a time-vector (dz)%=
0,0,0,d7) in the natural state is the image of
the trace of a crystal point, i.e. the world-line of
the point in the deformed state. Hence da®=
(v1dt, v2dt, v3dt, dt), is mapped to the (dz)®, where
»* is the (spatial) velocity of the material point.
Putting (d=)*=0 in (1-2), we then have

dx* =Bjdr,
dt=BY}dz,

so that

Bg=0*, (8=1,2,3) and B§=1,

hold. Putting Bf =045+ 85, we have

BN —~— 0
B:=E{ TEW- TR (1-4)
of o L1

where 3§ =v%, f2=0 and o8} is Kronecker’s delta.

Since the distortion is assumed to be small, we
can neglect the higher order terms of i and
»*.1 Then the inverse transformation tensor 5%
can be calculated as

A i
A 0
B’i:E{ 3§ —Bi (1-4-1)
) =

1) The velocity ?* of a lattice point is also consid-
ered to be small.

Div. D

where

5
Bi=010181,
vé=0%0".

1.2. Metric tensor and strain temsor. Let us
introduce a metric into the material manifold.
We first consider the case of a perfect crystal,
i.e. a crystal in the natural state. Since the frame
(¢) has been fixed to be orthogonal in space, the
square of the real length ds® of a spatial vector
(dx)*=((dz)?, 0) is written as

ds?=d5, (dx)? (du) "
2 2 2
= (dx)! + (d=z)?® + (d=z)3
which may be regarded as the spatial part of a

metric. In other words, we can introduce the
metric tensor ¢,, having the form

e
‘ S
ooy
gw:b’i 01 0 ) 1-5)
s
0//////5//
| A2 ot A

where the components for «, b = @, b are to be
studied further. Owing to the arbitrary character
of the extension of the metric, some assumptions
may be introduced in regard to the cross com-
ponents of g,, relating to space and time such as

Jos-

Assamption. So long as the metric character-
istics alone are concerned, it is impossible to dis-
tinguish either between the positive and the
negative direction of time by keeping the space-
part fixed, or between the positive and negative
direction for a space vector by keeping the time
part fixed.

From this assumption, the vectors ((dx)?, dr)
and ((dz)?, —dz) are not mutually distinguished
in regard to their absolute amount. Hence we
cannot but assume ¢o:=¢;0="0. The time compo-
nent goo is still indefinite. Putting goo=c, the
metric tensor of the four-dimensional material
space is given the structure
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N——— 0
7 10010
Joe=b 01 o 1 0 0 (1-6)
l 0 0 10
00 0 0 0 ic

for a perfect crystal. If the indefinite constant
¢ is positive, the space is Euclidean, and if ¢ is
negative, the space is Minkowskian. In this
paper, we need not determine c.

The length ds of line element dz* in the de-
formed crystal is defined by the length of the
corresponding element of a perfect crystal after
naturalization. Since da* corresponds to (dz)“=
Bedx*, we have

ds® =gy a (d@) * (d2)® =0, BEBidutda”,
and the natural metric tensor can be written as
Ore=0saD2B% (1-7)
in the k-frame.

Substituting (1-4-1) in (1.7), the metric tensor
is rewritten as

(1-8)

where B;,=8i"0z« and By is the symmetric part

of ,31,, i.e. 19(1;)='%-(:91¢+19n)-

The local characteristics of the distorted state,
i.e. the distorted state of the neighbourhood of
a point of the crystal, is represented by the
difference between the squared natural length
ds? =g, da*dz* and the squared distorted length
ds® =3, da*dx", where

A 7 0
“l'100j0
5 _F 0100
A 00 1:0
ol 0 0 01 ¢
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Therefore, we define the strain tensor e,, by

def 1

53.::“2-(5“*9’“), (19

which shows the local distortion of the material.
Using (1-8) we have

, (1-10)

of which the spatial components &;; = f1 ) exactly
coincide with those of the ordinary strain tensor

defined in the three-dimensional material mani-
fold.

1.3. Metric affine connexion with distant par-
allelism. Inorder toinvestigate more macroscopic
characteristics of the distortion than is shown by
the metric or strain temsor, we introduce an
affine connexion by which the relation between
the distorted states around two neighbouring
points will be clarified. This is closely connected
with the non-holonomic character of the natural
frame (a).

An affine connexion can be introduced by
defining parallelism between two vectors p* and
pe++dp* located respectively at a point A(x*) and
at a neighbouring point A’(x?+dz*). We define
the two vectors as parallel, when they are par-
allel in the ordinary sense after being mapped
on the perfect crystal in the natural state. In
this sense, all the corresponding crystallographic
axes are parallel and all the lines representing
the traces of the motions of crystallographic
points are parallel, i.e. all the world-lines are
parallel. If we construct a four-dimensional lattice
from the world-picture of a three-dimensional
lattice by quantizing the time, we may say that
all the corresponding lattice axes are parallel.

Since the ordinary parallelism holds in the
map corresponding to the perfect tearing, we put

IF'u=0 (1-11)

in the natural frame (a). Since the relation

— 287 —



146 Non-Holonomic Geometry of Plasticity and Yielding

Il =5:32 =851

holds in regard to any non-holonomic frame, where
25 is the non-holonomic object defined by

def
25 =Bt,Bt0,.B2,

0

On= g7
the torsion tensor S;;® is defined by (1-11) to be
equal to the non-holonomic object of the frame

(a):

81" =05 (1-12)
From (1-11), we have
I}, =B%3,B% (1-13)
and
Siz*=DB§ouBYy (1-14)
which is rewritten as
Sii®=—0wpas. (1-15)

Obviously this space has distant parallelism,
i.e. the Riemann-Christoffel curvature tensor
R; ;3% defined by

RL};,H'“:ZBE,JF,!]‘;+2FE,,|",,|]"F§X
vanishes identically
R;.3%=0.

Hence all the plastic imperfections are summa-
rized in the torsion temsor in this case of the
perfect tearing.

2. Representation of Moving Dislocations by
Torsion Field

It will be shown that continuously distributed
moving dislocations are represented by the torsion
tensor field. All the components of the torsion
tensor have their corresponding physical counter-
parts, one showing edge and screw dislocations,

1) [ ) means “alternation’”, for instance,

Fioab]=%(Foab_rbae)'

Div. D

another showing their motions, etc. We shall
classify the types of dislocations and their motions
by the components of the torsion tensor. Identities
satisfied by these components will be derived,
which can be compared with the equations of
electromagnetism.

2.1. Classification of moving dislocations by
the components of the torsion tfensor. Since
all imperfections are represented by the torsion
tensor in the theory of distant parallelism,
the physical meaning of the torsion must be
clarified first. When the torsion tensor S;;* exists,
one fails to construct a parallelogram in space,
as follows. Let us consider two vectors at A,

EB({x") and A_(\?(c;:c”), and let CD // B, FEQ
AC (see Fig.3, where AB Vi CD means that AB

and CD are parallel and the lengths are equal).
Generally, D and E do not coincide, and the dis-

crepancy DE(dx?) is expressed by

dx*=—8;.* datda?, 2-nH»
12
D
¢ Ak AB=CD
g £ mezsr
4 dxv B
FiG. 3

The physical roles of the torsion is embodied by
dislocations such as shown in Fig. 4 and the
discrepancy dz? is called the Burgers vector.
Hence one may call the torsion tensor the dis-
location (density) tensor.

Fic. 4

The types of dislocations and their motions can
be classified into four groups by means of the
types of the components of the torsion tensor.
From (1-15), we have

2) See, e.g., [12].
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T t=0
and
Spy*=—S3u" (2-2)

Therefore, the different types are represented by
the following four components,

| es3 Qo .
Sl2 ’512 r5012:8011'

The first two are the purely spatial components
and the latter two are the mixed components. It
is easy to see that the spatial components rep-
resent edge and screw dislocations.?

i) Sj3': edge dislocation; the Burgers wveclor
lying in the wl-direction, the dislocation line
running along the x®-axis (which is perpendicular
to the x1-2? plane, if the axes are orthogonal

—Fig. 5).
x'_‘
o © o
olo
xl
Fi6. 5
i) S;3%: screw dislocation ; the Burgers wvector

[ying in the x3-direction, the disocation line run-
ning along the x3-axis (Fig. 6).

Fic. 6

Let us here consider the physical meaning of
the mixed components. We can examine it from
the projective viewpoint [13],*’ in which one of
the fundamental points moves along the paramet-
er line of «° It has been shown in D-XI [7]
that the motion of an edge dislocation, say S3i%,

1) See [11, [2], [3], [101, etc.
2) This point of view was suggested to the author by
Prof. Kondo. See also D-VII [14].
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along the direction of the Burgers vector is a
slip comparable with the appearance of Orowan’s
pair. Now that we replace the lower index 2 by
0, the time in which the glide takes place is meas-
ured by the length of glide along the direction
of 52,

Udt=dx?

where U is the velocity of the dislocation. This
is the origin of S;;? from the glide motion of S;;?.
On the other hand, the climb of S;3? is expressed
by §;5% in which the time of climb is measured
by the length of climb along the direction of a?.
In a manner simlar to this, we see that the slip
of S3;2 in the ax3-direction is also represented by
Sei2.

From the above considerations, we can expect
that the motion of a dislocation S;;* with velocity
Uf is represented by the mixed type component
Sgif of the torsion tensor, satisfying

Syt =S5, U?, (2-3)®
We shall prove this,

Theorem 1. The motion of dislocation S;i* moving
with velocity U* gives rise fo

Sei*=—U"S;i" (2-4)

Proof: Let us consider a dislocation field Szitzr)
at t=0. When it is moving with the velocity
uUs , the moving dislocation field can be expressed
by the tensor function of x#—U’L,

Spif (xf, 1) =S;3* (a* = U"D). (2-5)
From (1-15), we see that
a[.vs;‘i]n'__o

identically holds. Taking account of (2-2) it is
transformed to

3y It should be noted that tensor components of mixed

type such as So,u, Konpz are not invariant under
Galilei transformations. The Galilei invariant compo-
nents are those whose contravariant indices are fixed
to 0 and whose covariant indices are fixed to the space
part. Hence, S(-’,x: and K?npz are Galilei invariant
quantities, which represent the plastic defects moving
in the material. They are not generally the same as
So;;: and Koapz which include the ones moving with
the material. However, in our linear theory for small
disturbances, their distinction is disregarded.
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148 Non-Holonomic Geometry of Plasticity and Yielding

0,953 =205 112" (2-6)

Putting v=0, g=p, A=1, k=&, we obtain

0:5;1"=200:5,0114",
where
9, =0d,.

By differentiating (2-5), it follows that
0,5;i"=—U"3,5S;i".

Using (2-6), it is further transformed to
045,1% = —200,5,;11," U?,

which verifies (2-3).
From this theorem, we can clarify the following
meaning of the mixed components :

ili) Spi%: glide of dislocation; two kinds of motions
are represented by Sg12, one corresponding to the
motion of Szi® in the x®-direction, and the other
to the motion of S3i? in the x®-direction.

ivy Spil: climb of dislocation; the motion of Siit
in the x®-direction or the motion of Sit in lhe
a8-direction.

The above meaning can also be ascertained by
the following physical considerations. Let us
consider the material line-element AB represent-
ed by the vector (dz#). After a small time d¢, A
and B change to A’ and B’, respectively (see
Fig. 7). Since AA” and BB’ represent the world-lines
of the material points A and B, respectively, they

are parallel, i.e., AA’ // BB’. On the other hand,

AB and AB’ are not necessarily parallel by virtue
of the torsion of the space. Let A7C A AB, then

the discrepancy Ch’ is represented by

dut = —%-Sf,;,’dmﬂdt.

E

Fic. 7

Div.D

Since AB and AC are parallel and have equal
length in the natural state, we can say AB is
plastically changed to A7B’ by 4.

Here we take AB parallel to the zl-axis. Then
we see that the component S;;! represents the
increment or decrement of the number of the
atoms contained in the line-element (dx?, 0,0,0)
after a small time d¢. This means that vacancies
or interstitial masses appear in the line-element.
This is a material non-conservative motion of
dislocation and it has been pointed out that a
climb of dislocations can be responsible for such
a case.

On the other hand, S;12 shows that one end point
of the line element constituting a vector (da?,
0,0,0) (the atom B in Fig. 7) is plastically dis-
placed in the wx2-direction after a small time dt,
while the other end of the element (the atom A)
is not. The slip of dislocations causes the plastic
motion of this type. After this slip, atoms above
the slip surface are displaced in the direction of
the Burgers vector, while the atoms under it
are not (see Fig. 8).

olip W face
B
slip

i t
Fic. 8
2.2. Identities satisfied by the dislocation

tensor. From the definition of the torsion or
dislocation tensor, we have

S,',}": —afﬂﬁkjns (2‘7)

where By =v*, B,°=$:"=0 and B;* is the so-
called asymmetric strain tensor. Splitting this
equation into the spatial and the mixed components,
we have the relations

Sr;ix:_aEF-Bijiv )

Séi":%(a}v’—aaﬁﬁ), |

/

(2-8)

among the torsion (dislocation and its motion), the
velocities of points and asymmetric strain tensor.
From (2-7), we have the identity

Oc,Siiy*=0
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or
0 (€7*1543%) =0,

which represents the non-divergent character of
the dislocations in the four-dimensional space.
This relation splits into

2:Sin" =0 (3, (e**15;1") :0)’}

8,81 =208 it 3
The first equation of (2-9) means the non-diver-
gent character of the dislocation field in the
three-dimensional space. The latter equation re-
lates the changes of dislocation distribution9,5;;*
to the motion of dislocations represented by Sg;i*.
Such has originated from the assumption of the
four-dimensional distant parallelism criterion

R i3e=0.

It has been discussed in Research Note, No. 42
[15], that the electromagnetism is derived from
the torsion tensor in a distant parallelism space
of perfect tearing. llence it is expected that S;;*
and Spi® can be compared in regard to their
structure with the electromagnetic fields. In fact,
the first equation of (2-9) is compared with

divH=0,

and the second one with
2
rotE#a—tH,

where €*#15;;¢ and S3; are compared with
the magnetic and electric fields, H® and E}, res-
pectively.??

3. Change of Plastic State and Incompatibility

Moving dislocations give rise to a change of
the plastic state, and hence the incompatibility
changes also with them. We shall clarify the flow
of incompatibilities from the point of view of
moving dislocations. The anelasticity tensor,
which has been introduced by C. Eckart [9] in

1) €7**? ig Eddington’s quantity, i.e., € vER=T(=1);
when (zv#td) is an even (odd) permutation of (0,1, 2,
3), and is‘ equal to 0, otherwise.

9) The equations corresponding to the other two Max-
well equations are given in D-XVIIL [16]. See also
E-XI [171.
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order to represent the rate of the change of
plastic state, can be derived from the moving
dislocation tensor. The meaning of the four-di-
mensional incompatibility tensor, as well as its
relation to the anelasticity tensor, will be clarified.

3.1. Incompatibility. When the deformation
does not preserve the topology, i.e. some pairs of
neighbouring atoms do not remain so after defor-
mation, it is said to be plastic. In this case we
cannot define a unique displacement #, for each
point relative to a perfect lattice. When the
deformation is compatible, there exists #, which
is related to the tensor e,, by

(3-1)

Eax =8(3M,‘).

The integrability condition for (3-1) is, as is
well known, that the curvature tensor K;;;* by
the Levi-Civita parallelism associated with the
metric tensor ¢,, vanishes, Le.

K u d:efzau { F’ﬁ ,1} +2 {[qul} {;32}

= — 49,028 m="0. (3-2)

In the case of plastic deformation, (3-2) does
not generally hold, and the non-zero tensor Kj;;*
can be called the incompatibility tensor.®

The spatial components K;;i* of the curvature
or incompatibility tensor is the ordinary incomi-
patibility which means the existence of residual
strains (stresses). On the other hand, the mixed
components such as Kg;i* represent that the
plastic deformation is now going on. Let us in-
vestigate what character the four-dimensional
incompatibility tensor has.

Bianchi’s identity for small disturbances can
be written as

0K} 102" =0,

3,0(6""””[(;,;;1"):0, } (3'3)

which shows the non-divergent character of the
incompatibility. The spatial part of (3-3) is re-
written as

0, K5 51" =0,

0, (e*?"K5;:") =0. (3:4)

3) Usually, .
I.;=Ku; ) Kgu,

is called the incompatibility tensor, where
Kuz=Ku3*, K=K."
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150 Non-Holonomic Geometry of Plasticily and Yielding

The mixed components are rewritten as
0K 551" =200:K 05", (3-5)
0.K556" =200 K 51706 (3-6)
Since (3-5) and (3-6) can be transformed into

€70, K ;51" =20, (7" K4z17),
e*i 08, Kprat <07, (" Ky,

respectively, K;;i* can be interpreted as the
flow of the spatial incompatibility, and Kg,4" as
the flow of Kg¢,;4%.1? Hence we have

Theorem 2. The flow of the spatial incompatibility
is represented by Kq,i* for which the equalion of
continuity holds,

9 (PP K1) =20, (e? P K 5:i%).

Taking into account that the incompatibility
changes as the dislocations move, from the dis-
tant parallelism criterion (i.e. the vanishing of
the Riemann-Christoffel curvature tensor), we
have

K, 2 =200,8) 201009+ 20025 0 1 - (3-7)®

Splitting this equation into the spatial and the
mixed parts, we have

Kp,ixa =28[§S\IH_ﬁ]—i_za[isli’ﬁlfrjl
Ko,;n:aesi,n-3'23[13[0ﬁ|a]» (3-8)
I{’go,[ﬂ:zatSo(j 7).

3.2. Anelasticity temsor. The change of the
plastic state is represented by the change of the
images of the mapping in the natural state. Let
a spatial vector s’ be mapped to s? in the natural
state, and after a time d¢ let the same material
vector be mapped to s®-+4s?. Since there is no
distortion in the natural state, we can conclude
that some plastic deformation occurs in the
material constituting the vector s*. The plastic
change 4s%, or ds®*=DB%ds", can be expressed by
the torsion tensor as

Asfz_%sb;“s‘dt. (3-9)

Hence we see that the mixed components of the
torsion tensor Sgj* represent the time rate of

1) Note that K¢ipoy" =0 holds.
2) See the formula (4.22b) on p. 141 of [12].

Div. Dr

purely plastic deformation in agreement with
§2.8 The symmetric part Sy, denotes the
plastic deformation and the antisymmetric part
Sociey denotes the plastic rotation, each of which
corresponds to the deformation and the rotation
of the image in the natural state. Since the
natural length of a material is measured by the
length in its natural state, the length is changed
by the plastic deformation (the elastic deformation
does not affect it). The rate of the change will
be obtained using the symmetric part Sgc; .-

Eckart defines the anelasticity tensor ;. [9]
by

Dds?

T =2, datdx*. (3-10)
where
d5? =g, datda’.
Theorem 3. The anelasticity tensor, by which the

time rate of the change of the natural metric tensor
is represented, is lwice the symmelric part of the
mixed component Sycizy of the torsion tensor,

tz“:ZSO(“). (3'11)

Proof : By calculating

9%
]
— g daida*

a B i 7
_ {_%Eh-.-%“v“dm da }dt,

Dds?= (gu+ ;" dt)dm€e+dt)dm(it+dt)

where

ov?
datyan=do’ +'5m7dm’ldf,

and higher order terms are neglected, we find

a.ii:i {aglz +28(;‘L’i)} .

3-12
2 ot ( )

Hence
/5 :a(xvz)—axez ]
=a(2 Ua)—atre(i 532250(1 )

The equation connecting a;, with the disloca-
tion field is obtained from (2-9) :

3) It should be noted that elastic deformation does not
affect the natural state.
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4a(§a][ﬁdﬁ]:f}]:zat (B(nsu a]ﬁ]‘f‘ausumj:) . (3'13)

Using (3-8), we obtain the relation between the
incompatibility and the anelasticity tensor:

s
bna}():atasi;

atKM”=48[;3,[;a!i]m]. (3'14) .

Hence, we have

Theorem 4. The mixed components K;y;, of the
curvature tensor of the meivic tensor g;. mean the
rate of change of the anelasticity tensor.

It is interesting to see that the rate of change
of the spatial incompatibility of the strain is
exactly the Riemann-Christoffel curvature tensor
of the space having the anelasticity tensor as the
Riemannian metric. In other words, we can define
a Riemannian space which is the time derivative
of the strain metric. It shows that the plastic
deformation does not necessarily change the
incompatibility K;;;*. Only such plastic defor-
mations, whose anelasticity tensor is Riemannian
(i.e. not Euclidean) or the deformation by which
the image in the natural state is incompatibly
changed, produces the spatial incompatibility.

It should also be noted that the antisymmetric
part Sgriey of the mixed part of the torsion tensor
does not affect the natural metric. In other words,
the plastic deformation such as denoted by Sy,
induces neither the metrical imperfection nor the
incompatibility.

4. Discussions

i) It seems to be but a step to extend this
distant parallelism theory to a general non-Rie-
mannian plasticity theory including moving cur-
vature-like imperfections as well as torsion-like
ones. We can proceed along the lines of D-IX [10].
Moreover, a four-dimensional non-Riemannian
space can be imbedded in a Euclidean (or
Minkowskian) space of higer dimensionality, in a
manner similar to the way such as has been
treated in the elegant theory of Kondo for three-
dimensional case.”” What réle is played by the
Euler-Schouten curvature tensor, which is pointed
out to be more fundamental than the Riemann-
Christoffel curvature tensor [5], is the next prob-
lem to be investigated

ii) The projective viewpoint has been suggest-

1) See, e.g., [4], [5].
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ed by Kondo in D-XII [14]. Both the curvature
and the torsion tensor are combined into one
geometrical concept, and the relation between
the Riemann-Christoffel curvature tensor and the
motion of dislocations shown in D-XI [7] will be
clarified, if our point of view is extended to the
projective one.

iii) It is not so difficult to obtain the stress
and strain when a moving dislocation field is
given. If an extended four-dimensional stress
tensor is defined by

aif=Tauity, (4.1)

where E*%°# is the ordinary elastic modulas
tensor, E?020=p3°# p is the density of the mat-
erial, and the other independent components
vanish, the wave equation is represented by

9,075 =0. (4-2)

Since the curvature tensor calculated from the
metric tensor g,, is, on account of vanishing of
the Riemann-Christoffel curvature tensor, related
to the torsion tensor by (3-7), we can obtain the
stress and strain by solving this combined with
(4-1), and (4-2).® Schaefer’s stress function
tensor will be extended to the four-dimensional
case.

iv) From the macroscopic viewpoint, disloca-
tions exist as dislocation lines in the three-dimen-
sional space. They constitute a one-dimensional
network in which the conservation law of Burgers
vectors in analogy with Kirchhoff’s law holds.

Since the trace of a dislocation line forms a
surface in the four-dimensional space, it will be
expected that the dislocations constitute a two-
dimensional space. The conservation law of
Burgers vectors will also hold by virtue of the non-
divergent character of the torsion field. The career
of a dislocation, e.g. the birth, growth, death, etc.,
will be represented by the two-dimensional dis-
location network.
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