


LY

RAAG MEMGIRS
Yol. 3, 1962

F-VI

P

Topological Foundations of Kron’s Tearing

of Electric Networks

By

Shun-ichi AMART*

[(Received February 1961]

PREFACE

IT was in No. 21 of the RAAG Research Notes,
Third Series, [1] that an idea for clarifying
the intrinsic topological structure of diakoptics

[2] and codiakoptics [3] in application of the .

theory of the topolopical dissection (see e.g.
[4]) was first proposed and anzlyzed. Then,
the information-theoretical foundation of the
efficacy of diakoptics was investigated [5] based
upon the topological foundation [1]. To these
were added the diakoptical eigenvalue analysis
[6] in the author’s Master’s Thesis [7] pre-
sented to the University of Tokyo in February
1960 as a summary of his investigations over
two years (1958~60) in postgraduate courses
under the guidance of Professor Kazuo Kondo
at the Division of Research in Mathematical
and Physical Sciences of the Graduate School.
This paper is mainly based upon Part I of the
Thesis, but an improvement has been made
by adding a new section, The next paper F-
VII (8] is based on Part II of the Thesis.

The zuthor hopes that he has beea able to
propose some new ideas in this paper in connex-
jon with topological analysis in the field of
engineering as well as a contribution to the
theory of diakoptics and codiakoptics by clarify-
ing their essential or internal structure and
extending the method.

The author is very happy to express his
hearty gratitude to Professor Kondo for kind
guidance and inspiring suggestions and to

* Tniversity of Tokyo, Tokyo, Japan.

his colleagues, especially Dr. M. Iri, for dis-
cussions and many suggestions. The guidance
and the suggestions of Professor Kondo used
to appear very fantasic at first glance, but the
author has found them to be essentially penetrat-
ing. Dr. Iri’s discussions, covering detailed
and important propositions, many of which
were proposed by him, gave the author much
material which has been included in this paper.
But for these helps and the stimulating
experiences during the later half of the four
years of my life in Hongo Campus, this paper
would have appeared in a more incomplete form.

INTRODUCTION

As science and engineering have been developed

. astonishingly in recent years, we nOowW have

many more opportunities than before to treat
large-scale systems in engineering analysis.
But it is not an easy task to handle a large-
scale system as a whole, Therefore, it is more
convenient to tear, if possible, the original
system first into several subsystems and then
interconnect the solutions of the subsystems
into the solution of the whole system, This
is the idea first proposed and developed by
Gabriel Kron into a practical method of solving
large-scale system by tearing. A new word
“Diakoptics’’ has been introduced for this
methed by the initiator himself.

There is no doubt that diakoptics gives
powerful practical means of engineering analy-
sis. It has already been treated by many
investigators (e. g. [2], [3], [9], [L0], [11], [12]
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[13]), and its validity has been widely recogniz-
ed. R. Onodera proposed the method of
codiakoptics [3], [,1\1]-. K. Kondo extended the
point of view to the generalized diakoptics [15].
Based on his idea, M. Iri and T. Sunaga discus-
sed the efficacy of diakoptics [16]. Some of the
topolegical features of Kron’s diakoptical analy-
sis has been discussed by J. P. Roth in [11] and
[17]. R.R. Sabroff proposed some new concepis
on diakoptics [13].

However, Roth’s exposition [17] and the
presentations in some of the papers (e. g. [2])
by Kron himself give us an impression of hav-
ing avoided the expression we would prefer,
as far as a formal statement of the basic
philosophy is concerned. Sabroff’s treatment
[18], in which the equivalent circuits and the
orthogonal network method [18] are combined,
seems most nearly to approach our method.
But his paper as well as those mentioned
above (also W. A, Blackwell and H. H. Kesvan’s
paper [19] as well as J. P. Char's method of
orthogénal networks [20]) seems, so to speak,
to rely so much upon the physical images of
the equivalent circuits of the torn subnetworks
that they have a tendency to miss the mathe-
matical intrinsic structure of diakoptics. There-
fore, we would not say that the theoretical
foundations have satisfactorily been given for
the methodology of diakoptical tearing.

There are two features of approach to the
foundations of diakoptics and codiakoptics. One
is to inifestigate the topological features, for
the most important relations between the entire
system and the subsystems are their topological
connexion relations. It is said that topological
invariance is not preserved in diakoptical
analysis [15]. But just at this very point,
topology reveals its power. The efficacy of
the diakoptical, as well as the codiakoptical,
methods consists in utilizing the informaticns
on the topological characteristics of the net-
works or manifolds to be treated by tearing
the original system. Therefore, its theoretical
foundations must be approached from the point
of view of topology.

The other feature is to clarify the concept
of the informations on networks. The graph
of a network has something more than that
which is translated into the equation derived
from the graph. The ‘ something’ can be
understood to be the information contained in

Topological Foundations of Kron’s Tearing of Electric Networks 323

a graph. Such considerations will be studied
in F-VII [8] along the lines of F-IV [16].
The most important thing is to connect the
above two features, i e. the topological and
information-theoretical viewpoints, into one.
1A this paper, we shall investigate the topo-
logical feaiures of diakoptics. A short outline
of the contents is as follows.

In the first section, a new and generalized
approach to diakoptics, which has been derived
by the topological considerations of later sec-
tions, will be shown as the introductory illus-
tration of the practical importance of our theory.
In sections 2, 3, 4, and 5, we shall try to give
the topelogical foundations of diakoptics and
codiakoptics of networks using the method of
dissection of combinatorial topolegy (see [4],
[21],[22] for the theory of topology). The funda-
mental equations of network diakeptics and
codiakoptics are established (in §3, in more
generalized form in §4), and the diakoptics and
codiakoptics are proved to be essentially the
same. Our method extends the ordinary one
in regard to two points as follows. One is
that the so-called ** cut-branches’’ are extended
to more generalized * cut-network %( "', and
the other is that our method is applicable when
mutual couplings exist between the branches
of the subnetworks X and those of the cut-
network X. In §6 tll'le intrinsic structure of
diakoptical eigenvalue problems is clarified by
a normal form of representation. Using this
form, not only is Kron’s method [2] refined,
but also 2 new iterative method, which ter-
minates with a finite number of iterations
giving the exact solution, is proposed. In the
last section (§7) the topological characteristics
of subsystems, i. e. subnetwork X and cut-
network X, are studied. The numberlof unknown
variables ‘defined in connexion with diakoptics
is discussed. It will be shown that the number
of necessary variables may be less in the
diakoptical analysis than in either the mesh or
the node-pair analysis.

Lastly, the papers in [23], and especially [24]
and [25] may be mentioned as indispensable
references so far as the topological theory and
terminology of networks used in this paper are
concernad.
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1. Introductory Illustration of a New Approach
to Diakoptics and Codiakoptics

4

Kron’s method of tearing—called “Diakopticg”
by Kron himself—has mostly been illustrated
with the help of the physical image of the
equivalent circuit. This is, as a matfer of
course, a very easy method of illustration. But
it seems that not all of the intrinsic structure
of diakoptics could be revealed by relying
too much upon the physical image. By in-
vestigating the diakoptical structure with the
help of the topological theory of dissection,
a quite new approach to diakoptics is made,
by which the method is extended in several
important respects. Moreover, diakoptics and
its dual, codiakoptics [3], become unified, and
either can be derived as a special case of our
method. ' )

Tn the frst section, our method and the
fundamental equation will be explained in a
practical terminology but not rigorously. Its
theoretical derivation as well as the topological
foundation will be given in the subsequent
sections.

1.1, Diakoptical coordinates of an electrical
network. There have been known for a long
time two methods of analyzing an electrical
network. One is the mesh method in which
independent mesh currents ® (p=1,2, ..., 4: %
is the number of the independent meshes) are
chosen as unknown variables. The equation
to he satisfied by the ##'s is

2g5i" =eq, 1-1)

where (z,p) is the mesh-impedance matrix,
¢, Is the impressed e. m. f. in the g-th mesh,
and the Einstein summation convention Iis
assumed. Let us call the set (#*) of the varia-
bles i the mesh coordinates of the network,
since the excited state of the network is com-
pletely specified by this set.

The other method is the node-pair methed
in which independent node voltages E, (a=1,
2,...,m:m is the number of independent nodes,
or m+1 is that of all the nodes in a connected
network) are independent variables. The equa-
tion to be satisfied by them is

yrE,=1°, (1-2)

where (y°8} is. the node-admittance matrix and
I® is the impressed node current at the a-th
node. The actual excited state can also be
specified by the set (E,) of the variables E,.
Hence we call them the node coordinates of the
network.?

The above two coordinates are related to each
other by Ohm’s law. Let (D% (a=1,...,m; 1=
l,..on:n is the number of branches) be the
incidence matrix between nodes and branches,
i.e. D=+1(-1), if the A-th branch starts from
(or ends with) the a-th node, and D§=0, other-
wise. Then the branch voltage drop E, across
the A-th branch is

E,—e;=D}E,, (1-3)

where ¢; is the impressed electromotive force
in the A-th branch. The node-admittance matrix
{yot} is, as is well-known, represented by

y°t=Diy**Dj, (-4

where {(y*%) is the branch-admittance matrix.

In the dual manner, let (Rf) be the incidence
matrix between meshes and branches, i e.
Ri=+1(-1) if the k-th branch is a constituent
element of the p-th mesh with positive (or
negative) orientation and R%=0, otherwise.

“Then the mesh-impedance matrix (zq,) is

Zep=Riz R3, (1.5)

where (z.,) is the branch-impedance matrix,
The branch current i* passing through the k-
th branch is given by

i* — I* =REi?, (1-6)

where I* is the impressed current in the «-th

branch.
Ohm’s law is expressed as

i”:y“aE,; or E3=.‘ZJ,‘£"' (1'7)

1) The orthogonal network method proposed by Kron
[18] uses botk the s and E;’s as independent
variables, Hence that set (7, E,) may be called
the orthogonal coordinates of the petwork. But in
practical analysis, either the ¢®’s or the E,’s are
eliminated according as to whether the impressed
quantities ¢,'s or I%’s are converted to the equivalent
node current sources or mesh voitage sources, and
the coordinates will reduce {o the mesh or node ones,
respectively.
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Then the two coordinates (¢®) and (E,) are
mutually related by

If+R3iP=y** (D3E,+e,)

or
e+ DB, =2, (REP+I"). {1:8)

Let us define the diakoptical coordinates of
the network which consist of mesh currents
i2(p=1,...,,2=k) on some part of the network,
am{i) of node voltages E,(a=1,...,m=m) on the
other part. To obtain a set of the non-redundant
variables (73, E,}1’, we may well choose the

variables as folilows.

First partition the branches into two parts
(see Fig. 1 where the branches of the first part
are denoted by the dotted lines, and those of
the other parts by the full lines). Take up

all the independent meshes dencted by the
dotted circles which have at least a branch
belonging to the first part as its constituent
elements, and choose the mesh currents z'g as
the variables. Next, delete the first part from
the network and take up all the independent
nodes, denoted by the black peints which are
incident at least to a branch belonging to the
second part, and the node voltage E, as the
variables. In this way, we can obta.in1 a set of
the independent variables (z'g, E,)) of anetwork,
which we shall call the diakoptical coordinates.

Diakoptics and codiakoptics will be shown to
be methods for analyzing a network by the
diakoptical coordinates. A remarkable feature
is that, if partition of a network is done in
such a way that all the branches are included
in the first part, the diakoptical coordinates
reduce to the mesh coordinates, and if all the

1) The orthogonal coerdinates (i®, E,), which con-
sists of all the mesh currents and the node voltages
include some redundant variables from the point of
view of practical analysis.

-~
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branches are included in the second part, we
obtain the node coordinates. Therefore, the
diakoptical and the codiakoptical methods con-
tain the ordinary mesh and node-pair methods
as two exireme cases.

The number of variables necessary for the
calculation of a network has been believed to
be larger in the diakoptical analysis than in
either the mesh or the node-pair analysis.
But in our generalized diakoptical analysis in
terms of the above-defined diakoptical coordi-
nates, the number can be made even less than
in either of the two ordinary methods. This
will be shown from the topological structure
of the dissection of a network in a later section

8n-

1.2. Fundamental equation of diakoptics and
codiakoptics. Here we analyze a network by
the diakoptical coordinates. First, we consider
the second part dissected above in which the
variables are E,. The node-pair method will

be used to anafyze the part, considering the

o
influence of currents % flowing in the other
part.® Viewed from the second part, the in-

2) The problem of the second part only does not
generally constitute a self consistent problem, i. e.
the sum of the impressed node-currents for each
connected subnetwark of this part does not wvanish.
In such a case, let the superfluous currents flow
through branches of the first part to another subnet-
work, so that the sums of the impressed currents
over each connected subnetwork vanish. After that,
we add some voltage sources to the branches so as
to eliminate the voltage drop due to the currents.
This operation corresponds to the conversion of a
part of the current sources to the equivalent voltage
sources. See Fig. 2 where the sum of the impressed
node currents is I in the right subnetwork and—/ in
the left subnetwork of Fig, 2(a). We have equivalent
impressed quantities shown Fig. 2(B}, where the sum
of the impressed node currents over each subnetwork
vanishes and e=2Z1,

________ e S
: =A ~
N, 7 -
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n
fluence of i% appears as a part of the superposed
. a .
impressed node-current sources g* {see Fig. 3).
4

4

— =G

Fay
ar

Fic. 3

We define here an incidence matriz (KE) beitween

the nodes of the second part and the meshes
of the first part by

—1, if the }ob-th mesh current flows
into at the a-th node,
1

K:g= +1, if the jg-th mesh current flows
out from the c:-th node,

0, otherwise. (1-9)v

Then the currents 0I I flowing into the a-th
1
node from the first part of the network are

L-K;}'ﬁ’. (1+10)

oy

The equation of the second part is written as

7 :
9, 1.1

[
o
[

b=y
il
by
o
!
"
Sfeige

8
wlblere 11 are the impressed node-currents and
(yi1) is the node-admittance matrix of the

second part only.®
On the other hand, the influence of the second
pari appears as impressed voltage sources éq
10

seen from the viewpoint of the first part. These
apparent voltage sources 188 are written

eq=KgE¢. : tiz)
-

o
I} K} can be defined by
’ gi=pird=_DIr}
A o S
2y If the second part is composed of several disjeint
parts {two in the case of Fig. 1), (1-11) splits into
as many independent groups of equations.

Accordingly by the mesh method, the equation
of the first part, taking account of the influence
of the second part becomes . ’

(1-13)

where ¢, is the impressed e.m.f. of the a,.-th
mesh arfd (ﬁg’é) is the mesh-impedance magrix
of the first part only.®

The equation for the diakoptical coordinates
(z‘g, Ei‘) is obtained by combining (1.11) and
(113)!

ab a P a
Jqub—'rK%i“«fIl,
1 i
b 2 (1-14)
[ —K B+ zopit=eg
0 1 000 )
or in matric form
/ «h a ]
¥yt Ki Ey I
v 0 .= . (1-15)
-Kt = [0 e
g sez )\’ 8

1f some impressed quantities are given as
voltage sources in the . second part and as
current sources in the first part, each can
easily be converted into the other kind of
sources equivalently (see e.g. [23], [24], also
footnote on p. 325).

We propose the system (1-14) or equation
(1-15) as the * fundamental equation of diakop-
tics and codiakoptics’’, since all the procedures
of diakoptics and codiakoptics can be derived
from this, as will be seen later.

1.3. Diakoptical and codiakoptical procedures.
The diakoptical procedures and the codiakopti-
cal procedures are proved to be equivalent to
solving the fundamental equation (1.15) by
partitioning the coefficient matrix.

In the diakoptical pr;ocedures, we first invert
the upper-left half ygi of (1-15). This corre-
sponds just to soh?ing the problems of sub-
networks. Then, we must invert the matrix

@ b
2ep—Ki(ysh) KL
T KA

3) If the frst part is composed of several disjoint
parts (there is only one such part in the case of Fig.
1), (1-13) splits into as many independent groups of
equations. :
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This procedure corresponds to solving the
intersection network. In the diakoptical
procedures, therefore, it is convenient to tear
the network in such a manner that the second
part of the network consists of several dis-
connected parts.

On the contrary, it is convenient for the
codiakoptical procedures to tear the network
in such a manner that the first part consists

- of several disconnected partis, for we have to

start with the inversion of the lower part Zg
of (1.18), and then we invert
o b

%’ it K’((ng)_IK(

o

0

to gbtain the solution for the interconnected
system.

In the diakoptical procedures, if the tearing
is made in such a way that the first part does
not contain any nodes (hence contains branches
only called cut-branches), and each connected
components of the second part have a common
grounded point, the above procedure ceincides
exactly with Kron’s approach [2]. On the
other hand, if the second part does not contain
any mesh, the codiakoptical procedures com-
pletely coincide with Onodera’s approach {3].

However, being applicable to more general
manners of tearing, our method may he said
to be an extended one. It is sometimes effective
to tear the network, for example in the dlakop-
tical case, in such a manner that the inter-
section network, i. e. the first part of the
network, contains some nodes.

In the following section, we shall clarify the
intrinsic structures of the method using topo-
logical methods more thoroughly,

2. Dissection of Neiworks

Diakoptics and codiakoptics can be said to be
2 method of solving networks by means of
network dissection. We shall study here the
dissection of network complexes. Each sub-
complex thus dissected also constitutes a com-
plex with the relative topology of the entire
complex., We shall deal with the mutnal rela-
tions between these complexes, so that the
mutual relations between the solution of the

‘entire network and those of the subnetworks

will be clarified.

2.1. Network complex. A network is com-
posed of branches (1-cells from the topological
viewpoint) denoted by oi{e=1, 2,..,n:n is the
number of branches) and nodes (0-cells) denoted
by ¢%e2=1,2,...,m+1:m+1 is the number of
nodes). It constitutes a 1-dimensional complex
with the incidence relation expressed by the
incidence matrix (cut-set imatrix) DZ. But it
is more convenient from the dualistic viewpoint
to deal with it as a. 2-dimensional complex X
by addmg ““meshes "’ (2 -cells) in such a manner
that every loop becomes the boundary of a 2-
cells [24]. Then the incidence relation between
meshes and branches is represented by the loop
matrix Ri(A=1,..,n; =1, ..., k: k is the number
of independent meshes).

The superimposed physical quantities such
as currents and voltages are represented by
chains {or cochains) of a network complex X
over z suitable coefficient domain. For instance,
a current configuration of a network is repre-
sented by a I-chain

Cl=s*cl,
and a veltage configuration by a I-cochain
Cy=u,0}

where 5" (u,) denotes the current in (or voltage
across) branch x.

The network analysis can be done using these
chains and their (co-)boundaries (see [24]), it
can be said, in quite a topological manner.

2.2. Closed and open subcomplexes. We dis-
sect a 2-dimensional network complex X into
two parts X and X In our dissection of §1,

the first part X should satisfy the condition

that all the meshes having at least a branch
of X as constituent elements should also be

congained in }f More precisely, all the elements,
of whose faces at least cne belongs to X,should
also belong to X This means that tX X
(SrX {a |o-’>a geX}, and ¢ >a‘ means
that a is a fa.ce of ¢’). Such a part X is said
to be open, and }o( constitutes a subcomplex of
X with the relative topology [4]. Being the
complement of %(, the other part }f constitutes
a closed subcomplex of X, i. . all the elements
which are faces of at least one element of }1{
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also belong to X, or CIX=X, (CIX={d¢'|0’ <0,
eX). 1 t ot 1 9
* "i"he pair (J:){', X) is a dissection of X. ‘The
first part X should be composed in such a way
that, if X contains a node it also contains all
the branches incident to the node, and if X
contzins a branch it also contains ail the meshes
incident to it. Its complement X becomes
closed, i. e. if }f contains a branchl(mesh), it
also contalns all the nodes (branches) incident

to it.

It must be noted that each }4{ (f=0,1) does
not necessarily compose a connected subcomplex,
since in diakoptics we have more than one
closed subnetwork, of which X consists. In
Kron’s diakoptical analysis, hls cut-branches,
with their incident meshes, const1tuteX An
example of the dissection is shown in Flg 4,
where the full lines represent the elements
(nodes, branches and meshes) of X and the
dotted lines show the elements of A

The diakoptical coordinates may be said to
consist of the (homologically) independent mesh
currents (2-chain) in X and of (cohomologically)
independent node voltages (0-cochain) in ;i{

2.3, Projections to and injections from sub-
complexes. Our aim is to solve a network
problem on the original complex X with the
help of subcomplexes X and X for it enables
us to use the topological 1nformat10ns more
completely than by any other method. Hence
our present purpose is to find the relations
between the groups of chains, cycles and
boundaries of 3{ over a suitable coefficient
domain and those of X itself. To investigate
these relations, four fundamental chain trans-

— 04 —

]
gathering them by the in jections from both X and.

formations m and ¢ ({=0, 1) will be defined, and

they will play important rdles, as follows.
The projection m C—+C is naturally defined

regarding the Xpart of a chain C(eC) as a
chain C(EC) of X where C is the group of
chains of X and C is the group of chains of X '
(i=0,1). We shall write

rC=C, =C=C
1 1 0 0
or shortly
e )

This operation z is calied the * projection of X
onto X ", Physically speaking, to operate 7on
a cham C means to regard physical quant1t1es
(such as currents) represented by C as those
of X

S1nce the elements of X are among those of
X, we have an injection ¢: ?—a-C by regarding
a chain of X as a chain of X itself. We call
the operatlon ¢ the **injection of X into X'.
This means physically that we regard the
physical guantities of X as those of X.

The following two relatwns are easily proved
from the facts that X-X+X and each X is
the complement of the other

nr+:o:§=l (identity operator), 2-2)
il

:ff =8,; (Kronecker’s delta}). 2.3

From (%k we have the following theorem:

. Theorem 1. No informations are lost by operat-

ing :1:-§+ in on a chain of X, that is, by projecting
a chain of X into X and X respectively and then

X
6

This theorem shows the validity of using the
dissection processes or ¢ diakoptics” as a

method to solve network problems. (2-3) means
that X and Jaf have no common element.
1

2.4. Boundary operator of .';Y In sub-
complexes X and X, the incidence relations
1 0




F-v1

are the same as in X.? Therefore the boundary
operators 8 in X and 8 in X are so defined
that 9C is the X-part of 3C, where C is the

m]ectmn of C' into X. Thus we have

&
=noe. 2-4)

1 11 0 00

These can be rewritten in matric form using

Ry and D3g

17

when operated on a 2-chain {7},
(C”=f1ap)

'R:

e

: when operated on a l-chain {sgf

—
]
R

to
=t

. when operated on a 2-chain {s§},

say
]

. when operated on a l-chain {s§},

|»;
oxop O

where a, :c and ?(z—O, 1) denote the nodes,
branches and meshes belongmg to }:I Since
X is closed, B(i (13) is always on }1( only, so that
we have

(2-5)

or

But X is not closed and B(JC) may have an

X part Therefore we have a non—zero operator
def
ne=0, {2:6)
10 10
, R,i.g: when operated on a 2-chain of ‘?,(’
f0
: Dg: when operated on a l-chain of %C-

1} The boundary operator ?in Xis represented in
matrix form as follows;
{R; : when operated on a 2-chain (i®), C2=i%¢3,

D2: when operated on a l-chain (i%), C? =Z*gl.

The coboundary operator d is also represented by
D2 when operated on 2 ¢-cochdin (&),
j Co=E,a3,
lR’,‘,: when operated on a l-cochain (E,),
C,=E.o5.

d=
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3 is an operator which transforms C' into

10

C"”1 consisting in taking the Xpart of the
1

boundary 3(6:0) of C in X. Hence, forepresents

the connexion relations of X and %f, and the

influences of C are carried over to € through

0
this operator, as we shall see later.
Dually to the above, the coboundary operators
g in %C and ? in X are defined as follows,
. i

def
d=mnde, @-n

def

d=mnde,
0 ooo 1 111
or

Dg: when operated on
a 0-cochain of }iC,

Ri: when operated on
a l-cochaln of ‘35’.'

v

Since X is open, 6(59) has the %C—part only, so
that we have

wde=0 2-8
10
or
I D=0,
1
RE=0.

But 21( is not open, and 3(¢C) has sometimes
an %C-pa:t. Therefore, we have a non-zero

wde= 43 (2-9)

01 01

or

o
Di: when operated on
a 0-cochain of }f,

I3
R’E: when operated on
a l-cochain of X.
1

B is an operator which transforms C’ into C,,+1
and the influences of C are carned over to (6’

through this operator
Examples of these operators are as follows

{see Fig. §):

doi=gi—0l, doi=0of,
1 0
doi=citotsoh,  doi=ob

—05 —
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dol=gt 3gl=gl
10 ¢ ¥ YR
dog=a}, doi=a3.
10 o1

In order to be sure whether these X’s with
boundary operators 6 (5) fulfii the cond1t1ons

for a set to be a complex or not, the relation
?E‘}-—O (z?f—O) needs to be proved.

Proof: From tr+er=1 and 7".'::&”, we have
11 00 i

d=(er+em)B(tm 4 17)
11 00" 11 00
=3z -+ B +:0m,
111 1100 000
0=23 '

=¢Pdx+c00nm+:9 97
1111 111060 11060

+¢89=m.
00006

d=(em+em)d{emten)
11 060 i1 oo

=¢dn+e¢dntedm,
111 0011 000

0=20dd
=ddrteddm+eddn
gooo 00011 00111
+eddnr
1111

QOperating ¢ from the right and ™ from the left, we have

99=0, 0o=0. (2.10)
00 11 :

We see that the operators t and T commute
with the boundary and coboundary operators'
8:-—:3 (c7r+.:7r)az-—m3:—crﬁz—0
11 11 1t Q0 1

wd— 8:: rca(m-{—m') gder=ndw=0,
1 1 11 0o 1 11 1 o¢
(2-12)

and that ¢ and ’f are dual mappings,

=, t*=
i

4 L.
1 1 i

Therefore, (¢, z) is a pair of dual chain-map-
pings.? In the same way, we have

or—nd=0, de—e3=0
00 o0 0 00

and :g*=f), §*=”' Hence, (m, ¢) is another pair
] 0o 0.

1) A chain transformation , 7:X—=Y, rzi=ai(p)y}
is called a chain mapping, if T commutes with the
boundary operater, t0—dr=0. The dual mapping
% Y*=>X*, of T i defined by t*yi=ai (p) zi.

83=0, 33=0. (@-11)
11 (1143

of dual chain-mappings.

8. Network Analysis by Dissection (L)—Noe

mutual couplings existing between X and }DC
1

3.1. Problem. The problem of linear electric
networks can be stated as follows:

“ Given current sources D'=I*g¢l® and
voltage sources D;=e,0{, we require
Cl=i*gl and Cy = E, 04, such that 9(C1-D%)
=0(D2(*—I*)=0) and 3(C; —D,;)=0 (RE(&,
—e,)=0): Kirchhoff’s laws,and i"=y**E, or
E,=2Z,,%: Ohm’s law.

2) If node current sources 2% =I%g% and mesh voitage
sources Dg=e.0§ are given, we can reduce these
to equivalent branch current sources D*=[*g1 and
voltage sources D, =e¢,0f where Ie=DgI*, e,=

t¢. holds.
For exampie, we can put J*=RXI% e,=Die,
where (RZ) and (DY) are a tree matrix and a cotree

matrix [24], respectively. A current source is to be
connected in parallel with a branch such as

0—[@]—0 and a voltage source is to be connected
in series with a branch such as —wG@— |
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We know already two methods of solving
the zbove problem, one concerning the mesh
characteristics of the network and the other
concerning the node characteristics. The third
method by dissection, now to be proposed, uses
both methods simultaneously. Before describ-
ing the method, we assume the following two
simplifications.

1. The given network can so be dissected that,
in the first place, the given curremt SOUrces
Di=1I*%gt lie on the X-part only, and the given
voltage sources D1=eiza§ lie on the }of-part only,
i e

§D1=0, 11:D1=0. (3-1)

As we can convert branch current sources into
the equivalent branch voltage socurces, and vice
versad, this simplification can always be satis-
fied, so that it does not Impose any essential
restrictions on out method.

9. In the second place, there are no mutual
admiitances (impedances) between any branches of
.’1( and any branches of }0(

Since y** can be regarded as a mapping
y: € ={E;}~Ct={i"}, we may write this
assumption as

ﬁys=0: nye=0,
1 01 (3.2)
(rze=0, wze=0).

10 01 :

We define the admittance and impedance
matrices of X as
T

=YL, Z=TZL 3:3
ATRYe T @-3)
Per=TY MR =AY — TYITZL (i=1)

T4 o id 4 4 4 4384

=me=1.

[

we obtain
= (st T+ e
y=lr (g ]
= YR+ YT,

111 0¢o0
Z=tET+ 2.

111 009

3-4

In matric forms, these are represented as

£ X
1
X ¥
2 %,11 0
y=yri= —
70{1 0 %,00
X X
1 o
e
ff{ fig] O
=z, =y t= T
x{ o |3
X X
. .,

In ordinary cases, mutual couplings, even if
they exist, concentrate only locally, so that
this assumption will be satisfied in most cases,
if we dissect (tear) the network appropriately.,
The more general case in which this assump-
tion is not satisfied will be dealt with in the
next section, by extending the method.

3.2, Fundamental equation of diakoptics and
codiakoptics. Under the above assumptions, we
introduce the fundamental equation of our
method as follows:

Taking account of

Kirchhoff’s 2nd law

(R§ (Ex"en)=0):

Kirchhoff's st law

2(CL—DY)=0
(D3 (i* = 1*)=0),

1) For given current sources Dt=I%gl we have Di=éy0i=(z2.[")o}, as the equivalent voltage sources,
and conversely, for given voltage scurces D, =e,0t, we have Di'=I'*gl={y3*e;)ol as the equivalent

current sources.
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We can put

Cy—D,=3C,
(Ec—e.=D2E,).
Operating on this by T We have :
?1=71"3€o=f2?o (+3-5)
(E,=DiE,),
I1 - 11

for 1rD1-0 and :ra Brr
law in X ‘
Next, from zlca (C1-DY=0, we have

This is Kirchhof's 2nd

.= . 1 By
HE-DI== 5 (45

CHEROR - Diin)

using rra 8::-;-18:: and n-Di—O This is Kirch-
hoff’s Ist law in f{ Smce y—:y:r+zyn-, Ohm’s
law in X takes the form

Cl =ycj,p
1 11
or

,-fzyi‘z‘Ei. (+3.7)
Substituting (+3-7) in (+3-6) and using (+3.5),
we have

993C ,=0D1— 3 C1

111 11 100

(D,ii: oy ilDiEg =D§If _Dii.

(+3-8

Combining (+3-8) and substituting (+3-5) in
it, we obtain the fundamental equation of
diakoptics and codiakoptics

2y3C, +83C2=3D1, )
1111 1000 11 I (3.9

8 dC, +328C3=4D,.
0111 0000 ¢ o0

The fundamental equation (3-9) is rewritten in
the matrix form

1) :vra Brr rra(m-bm)—ﬁraur wdem= 9 m.
11 00" 1 11 1 ¢o 100

— 08 —

Div,F
we can put
Cl-Di=pC2
#*—I*=R3™,
Operating on this by T we have
Cl=x3C2=3C2 (—3.3)
1] 13 00

for :rDi—O and :ra Br:
law in X
Next, frox_n a';ca (C;—-D

This is Kirchhoff's Ist

1)=0, we have
—_ = — -T.872)
HC-D)=-23C, (=36
em e i
(Re(Ey—e)=—RiE)

using 7:6 B:Or+ dz and :rDi-O This is Kirch-
hotf’s 2nd law in %f Smce z=§:f71r+zz%r, Qhm's
law in X takes the form

CI EZCI,
1] 00
or . E‘!
E,=2Z,,i0 (-3-7) ‘
13 ag .

Substituting (-3-7) in (—3-6) and using (—3.6),
we have

d20C2%=4D,-3C,

000 a LR 011

(~3-8)

From 89=0 or DeR:=0, we obtain

0= DiR,= DIR§+ DIRL (3.10®
i3 [+] 1 0

8

2) n'a 61: wd (en+em) —ndir=rdiw= 3.
¢ 11 00" 6 00 o0 11 o011
3 Thzs relatmn is also obtained by operator cal-
culus:
0—3:'83:—178(:7:-!—:1:)3:—33 + 83,
110 100
and, in a smuiar way, we also have 0=92d3 4 3 3.
¢01 011
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Defining K1 DlR%-:—D R%, we interpret K1
as the 1nc1dence number between a node a of

X and a mesh q of.X Of course, the element of K 3

are simple 1ntegers 0, £1. The mutual 1n-

fluence between C, (E,) and %?9(13) are repre-
1 1

sented by means of this matrix i (or the
contragradient operators 16‘080 and 34). Putting
001

the fundamental equation (3-9) is rewritten as
follows.

The fundamental equation of diakoptics and
codiakoptics can be represented by the matrie
form

SIEE(E,) (£

e b Bl L=l (3412)
—-Kiix i8 €q
[ Ogg ¢

The E,’s and i%s constitute the diakoptics
coordinlates of the network, We can solve (3-12)
by partitioning the coeflicient matrix. In this
method, K1 is so simple that we need little
more than to solve the problems of each sub-
complex }*C This is the method of diakoptics
and codiakoptics.

3.3. Diakoptics and Codiakoptics. TUsually
we dissect X in such a way that X is composed
of several disconnected subdivisions and that
no mutual couplings exist between them, or
that X is composed of several disconnected
subdivisions and no mutual couplings exist be-
tween them. In the former case the coefficient
matrix of (3-12) assumes such a simple form
as

£

nig

L

KT

ol

Where.denotes aminor node admittance matrix

corresponding to a disconnected subnetwork of
X. Therefore, it is convenient to solve (3.12)
ny partitioning, beginning practically with the
inversion of 3{1?.1’ This procedure is the
¢ diakoptics .

In the latter case, it is more convenient to
begin with the invetsion of Zaq in solving (3-12)
by partitioning, since the matrix becomes such
a simple form as

f yi K 7
1

(B}

o it

i)
4
Il

where [ denotes %inor mesh-impedance matrix

~

corresponding to a disconnected subnetwork of
X. This procedure is the * codiakoptics® [3].
DIn these cases the amount of labour of
inversion by partitioning the matrix s far
smaller than ordinary method of the mesh
type or node-pair type analysis. This is because
we utilize the topological informations of the
network in order to shorten the sequernce of
our procedures, by first dissecting it into '-71{

-and X,

In %he above explanation, it has become clear
that dokaiptics and codiakoptics are two dual
methods and their fundamental equation basi-
cally the same, either (3:9) or (3-12). The only
difference is that in partitioning we begin with
the inversion of yi’1 in the former case, and
with the mversmn of Zpg in the latter case.

More detailed procedures of calculation by

1) The inverse of a matrix

A B
M= [ P

¢
by partitioning beginning thh the inversion, of the
minor matrix A4, is written in the partitioned form

as
M-i= [A“l(”BSCA“‘}-'A;BS]

where S={(D—CA1B)~? and I is the unit matrix.
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dissection, i. e. diakoptics and codiakoptics, will
be given in section 5. Before so doing we shall
first investigate the possibility of extending
the method to the more general case in which
some branch-couplings exist between )1( and }OE'.

3.4. Examples.

Example 1: Write down the fundamental
equation of the network shown in Fig. 6.

We can directly write down the fundamental
equation of diakoptics (the number of variables
is 8 in the giakoptical method whereas that

where T fis the appiied node current and °

is the applied mesh e.m. f., and (E‘i’ z‘g) are
the diakoptical coordinates of the network,
the blanks in the matrix meaning 0.

Example 2  Write down the Sfundamental
equation of codiakeptics of the nefwork shown
in Fig. 7, and then compare it with the ordinary
node admittance matriz.

y+y+y -~y -y
1 2 3 1 3
-y y4y+y -y
1 2 4 3 [
-y -y yt+y+y
2 § a & [
y+y+y -3
7 L] ] 7
0 B
-.—y —
9
-1 1
1 -1

The coefficient mairix of the fundamental equation of codiakoptics is

1 2 3 1 2 3 4
I y+y+y —¥ -y ~1
1 2 5 I 5
nodes 2 -y yty+y -y 1
of X 1 170 3
S -3 B -y Yy +y 1
5 3 2 4 &
1 z+ztz —z -2
I 2 i 2 qd
2 1 -1 -z  ztztz -z
2 2 3 & 5
3 -z —_— z+otz
meshes 4 5 T & &
Qf X weraes P— carrgan reareenan
0 4 -1 z+zt+z
IE?' g 210
5 0 Pz
8
6 -2
10

— 100 —

-z

8
z4+z4z
8 g 1

—Z
1z

Div.F

—z

14

—2

11
z+z+z

10 11 12
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4. Network Analysis by Dissection (2)—Mutual
couplings existing belween }1{ and %{

4.1. Problem and the mixed expression of
Ohm’s law. In the general case, the problem
of networks can also be stated in the same
manner as in subsection 3-1. Let us also
assume that

zDi=0 and zDy=0, (4.1 .

that is, the given current sources Di=1I"¢} lie
on the }f-part only and the given voltage sources
D,=e¢;0} lie on the X-part omly. Such a dis-
gection is feasible without loss of generality

method.

Since there are mutual admittances (im-
pedances) existing not only between branches
of X and between those of X, but alsc between

bra11’1ches of X and branchgs of }0(', we have
1

non-zero operators,

def def

e

=nye Yy=nye
FARE A 1 0”1
def ded
z=xz; and z=nmze,
10 10 01 0 1

and we cannot proceed as in the previous
section §3. Hence, we have to utilize here an
- alternative representation of Ohm’s law.

and it does not impose any restriction on our
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The node-admittance matrix has a more complicated form as

3 ol 1 2 3 3 [ 7
8
ﬁ oy dbytyizt -y 4 —at y
1 F E4 2 1 F B -7
2 -y Peby 4y okt -y -z 5
-2 1 L} a r & ; -y
3 -y - toap ofeapemd gonrd —i = :
¥ 3 Yy S 7 - i
4 —pl :-1__*,:—1 gmE i —1 *
- 3 1 2 B 1 ;
5 < el —zi olgpelga—t -l
s 7 T I
6 " - gl gl goael
, . 3 q [ K} " 7
- o - -zt
: gzt =
g 7 B 2 .t
_at o Zidslget =z
y ~ 3 A te  ir iv
L 3 4 -y -zl gy et
M 20 o * 4 1@ 1z

Ohm'’s law represents the relations between
the voltages across and the currents in the
branches as the characters of the branches
themselves, which have nothing to do with the
connexion relations. As the admittance and
impedance representations for Ohm's law, we
already have

Cl':ycl
or
kA £i
ct Y IVC1) /i ytiyr0 | B,
1 |_|2ief}1 =1=110 i
ci C ;e k1 ki
NS Ok DESEASLD N AL LN B2
(admittance representation) (4-2)
and
Cy=z2C1, (4-3)

(impedance representation)

Here, we use the mixed representation of
Ohm’s law such as

c? <y
1 1
c, ct
0 } i}
or (4-4)
N e} i x
it | Y gl || E; J—
JROPRVRRE [5G I JOUPRS S 1)1 ¢JN I DO
o | e\
ioib z
8 6“10 {098

where the Y’s have the dimensions of admit-
tance, the %’s the dimensions of impedance,
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and the aos and ;z s are non-dimensional.

Let us express these constants Y a, ‘{.z and
Z by means of the impedances z or the admlt-
tances . From (4.2) and (4-4), we have i

Y a y—yyTly

1 10 1 1090 ai 10 0 (4.5)
g Z —y "ty y 1

o1 ] 0 o1 [1}

In a similar way, we obtain another expression

. codiakoptics in the general case. All prepara-

It must be noted that the mixed expression of
Ohm’s law or the branch characteristics is not
merely theoretical but tangible. We can measure
the constants Y 2 ,u and Z directly, and this
needs as much labour as measurmg the con-
stants z(z, 2z, =z, and z) or y.

1 10 91 [}

4.2. Fundamental equation of diakoptics and

tion now having been made, let us solve the

Y =« z=l  —2lyg
1 120 = "__1 1 __11° . (4:6) equation. In the same way as in subsection 3.2,
& e A S A A Kirchhoff’s laws are rewritten as follows.
= ) 1_3C2 _3.
Cfi tz(fm (+3-5) %' OCQ«' , (—3:5)
c1 AC1=3D1, . = . —1.
3 +1o 0 ?1 (+3:6) ggl_]-o{(z:l g?l (~3-8)
But in this case, Ohm’s law is
Ci—YC 1, . = 1, 4.
Y Cy+aCh. (+47 C,=pC; +ZC*. (—4.7)

Hence, substituting (£4-7) in (+3.6) and using (+3.5), we obtain

Co(2:+2p) 3Co=0Dy.  (~4-8)

3YaC,+(@-+2 @)2C?=3D1. (+4-8)
1 1 1 g0 11 01 0Oot 00

Combining {4:8), we obtain the fundamental equation as follows;

(4.9) becomes

3Y3C,+(0+2a)8C2=0D1,
1111 10 110 00 11
(d+9d )6Co+6ZBC9—ﬁD1, ) . . . .
01 Op11t 0000 Y11 Ki-}-ai Eb 1'1
: i § 108 1
or 5 . . . . = . (4.10)
1 1 ;
B Zeg )1 P ) 1%

piviipig,+ (xi+ DI
i i1 S i _
Comparing this equation with (3-12), we find

] X kb A x 2

f‘K§+R§d“1§DE)Eg+R§235R°"3=R§“5- that the interaction between Co(X) and C¥X)
(4-9) is described, in this case, by "means not only
Putting %‘ of the incidence matrix K1 but also of z and
& which represent the mutual muplmgs of

Yi‘E:DZY"‘-iD;, Zﬁ¢=R§Z“R§, branches between X and X
1,,, ,1,, 2 e D,, u,; oxo 5 In the case when Y11 is very simple, it is
fxo%:DEﬁ,(},R% and ‘ﬁ%sR%ﬁ%Di’ convenient to solve (4.10) by partitioning, be-
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ginning with the inversion of Y“ This pro-
cedure is * diakoptics”. In another case when
VA g is very simple, it is convenient to begin
Wlth the inversion of Z,, in solving (4.10) bY

0
partitioning. This procedure is ‘codiakoptics”.
If many pairs of branches have mutual

couplings, not only Ylii and Z,., hut alsp K+a:
and —K+g, in our coefﬁment matnx of (4- 10),
have very IE:omphc:a.trzd forms. Therefore, we
shall have to proceed practically in a way
similar to the ordinary partitioning of a matrix.
On the contrary, if ne mutual couplings exist
between the branches of {C and the branches

of .gf, then we have

and
Yﬂ #f oz
= =24
1 I 088 088

Therefore, in such a case, (4-10) is reduced
to the (3-12) of subsection 3-2.

Diakoptics and codiakoptics are feasible even
when some mutual couplings exist between

.3{ and %C provided they are simple.

2 3 4 5

NG =
it
Wi
e

i
R R L I
b

—
o

11
12
13
14
15

where @, and @, are the a’s (current amplifi-
cation factors) of Transistor 1 and Transistor
2. (We can see that the mixed expression is

0 v
P ay
y
s :
J : &y
7 :
¥y :
g {
y :
s i
2
10:
]
=11
z
1z
0 z
18
z
14
z)
15
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4.3, Example: Transistor circuit. Let us

analyze a iransister circuit (Fig. 8). The T-
equivalent circuit of a transister is shown in

&ra

Fig. 9. Therefore, we only need to analyze
the equivalent circuit shown in Fig. 10. The

=y aq

I ) f-Terr ;:/‘TE‘A 5 6
- Y B ¥ Y o
& ¢ ,l .J 7 4
I R IR TR R L ;
j,"z—/ Ny
o— 5 AL HP v —0
X Near  x Ttear X
1 (]
Fic. 10

branch characteristics of this equivalent circuit
are shown by the mixed expression of Ohm’s

law as

6 7 8 9 101112131415

very convenient for transistor and vacuum-tube
circuits.) The fundamental equation can direct-

ly be written
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1 2 3 4 5 g 1 2
1 Iy+g' -y E, Id
2| -y ytyty -y ‘0 ay Ey| | I
% i :
3 -y y+yi 1-ay Eq| | I®
4 ' g ,
4 y+y E, I+
i 7
i = (411 .
° 0 =y Ey Is (&-11)
6 E, I8
1 -1 i ztztz -z || ey i
a; 11 13 14 i3 ‘[
2 -1 oz zt+ztz || i® eg
13 12 13 I5
We solve (4-11) by ¢ diakoptics’, i.e. by to E,, we obtain
partitioning the mairix beginning with the !
inversion OF ¥ The interaction terms betlween Ey=z., Ig"zab Kfﬁ, 5-2)
X and X, i.e. K+« and —K-p, are sosimple 1 111 111 8

1 ] .10 1,
that we need little more than to invert iwo
3x3-matrices and one 2x2-matrix.

5. Procedures of Diakoptics and Codiakoptics

In this section, let us show the practical
procedures of diakoptics and codiakoptics based
on the topological feundations studied in the
previous sections. That is, we solve the funda-
mental equation by partitioning of the coefficient
matrix. These procedures will be shown to
include the ordinary procedures of diakoptics
and codiskoptics so far adopted by a number of
investigators. For the sake of simplicity, we
discuss only the case in which there are no
mutual couplings between X and X but the

generalization to more general cases will be
carried out along the lines of subsection 4.

5.1. Diakoptics.
following equations
! By3C,+ 89C2=3D1,

1111 1000 11

3 3C, +ﬁzBCB——aD1,
0111 0009

In diakoptics, we solve the

or the matrix equation
()
= (5-1)
Tep i) %
by partitioning, beginning with the inversion

of 51;?%. We proceed as follows:
Solving the upper half of (5-1) with regards

HO‘

y K E
1

5
1

b
— K1
¢

111 111
- node voltage of node & of the torn subnetworks,

ab '
where fh.=(:¥11)“1 is regarded as the solution
of the problem concerning the subnetworks.
-3
Calculating =;,, as well as z;, I* which is the

corresponds to solving the subnetworks.
Substituting (5-2) in the lower half of (5.1),
we have

-] o
z'ﬁﬁ:e +Kiz It (5-3)
where
b &
zgp=tept Kizs Ky G4

is the mesh-impedance matrix of the intersec-
tion network. Hence to obtain z‘,8 is to compose
the intersection network.
Solving (5-3), we obtain the mesh currents
Ain x
0

-3

8= 988 (e, + Kiz,,I0), (5-5)

H
0 ¢ 0111

where

y’gg = (z'gs)—l_

Therefore, the intersection network is solved
by this procedure.
The solution E; of node & in X is obtained

by substituting (51- §) in (5.21)
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The latter term, calculated from & of (5.5},

is the supplemented term by intersection net-
work.
The branch currents and voltages are ‘easily
4

obtained from (z‘g, By,
i,

zE=R§iE, E;:z“zﬁ, ] ‘
* £ ’ ooa (5'6)
11=y11E;, E1=D}Eu. I
1 1 i 1

We thus see that the diakoptical procedures
coincide with our method of partitioning the
fundamental equation.

These steps can be summarized in Diagram 1.

Dimension 0 1 2
T 4 su{: T e
1 sLat
[0 2 ID" by
- EW4CE ‘
ol 1 3
o] @
7 ; ¢ (6’ o open
J ,
\Lf 1 ¥
11 o
G o1 X X
' T v closed
VA
a1l X

fnr-[min; Gy
/ V o
!
~
v

T 7 o Iy, U epon
Dimension 0 x {J 3

Diagram 1. Diakoptics

When the impressed quantities D(I¢) and

Dyle,) are not yet explicitly given, we have
q

only to-calculate Zye and y'8° {these are called

[
the factorized imverse matrices [2]). There-
after, if these impressed quantities are given,
we can . immediately calculate the response

quantities using %3 and y”‘;g.

5.9, Codiakoptics. In codiakoptics, we solve
the same eguation (5-1)

ab 3 a
yil K1 Eb I
1 i

g =
i) | e

B ?
_..K%
0

388

by partitioning the coefficient matrix, but

beginning with the inversion of Zep in this case,
we proceed as follows:

Solving the lower half of (5-1) with regards
ic i%, we obtain

.

, 6-7)

where %:53=(:§gg)‘1. Calculating 3,63’ as well as

g,ﬁﬁeq’ is to solve the subnetworks of codiakop-
[

tics.
Substituting (5.7) in the upper half of (5-1)

we have

,ub G a ga
y 1B, =11 -Kiytte, (5-8)
1 80 i}
where
ab ab a pdg b
y11=y11+K1y00K%. (59)
1 EO 0

From (5-8), the node voltages E,i in }1( are
obtained as

Ey=rpa(Ii-Kiybley,  (5:10)
8¢ 3 %
where

)t (6-11)

By equation (5-9) the intersecllon network is
constructed, and (5-10) is the solution of the
network.

Using (5-10), the mesh currents 5 are
obtained

B=y88(e,+K1E,),
] i 71

the latter term having been supplemented by
the intersection network.

The branch currents and voltages are obtained
by (5-6). Therefore, our method includes also
the codiakoptical procedures.

These practical steps can be summarized in
Diagram 2. It must be noted that Diagram 2
is the same as the previous diagram (Diagram 1)
of diakoptics. The two are distinguished from
each other only by their different starts. This
shows that diakoptics and codiakoptics are
essentially the same.’

When the impressed quantities are not ex-
plicitly given, we have only to calculate %!?'3
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and z’ﬂ. If these quantities are given, we can
immediately calculate the response quantities

. q
using ygc' and z'.5. J
0 11
' Fi
Dimension
1 2
2.X
1
fchaiu ,: X
7 open

72X
i

i

0
Dimension

]

Dy
¢ gpen

Diagram 2. Codiakoptics
6. Eigenvalue Analysis by means of Diakoptics

There has been somie diakeptical analysis of
eigenvalue problems by equivalent networks
[2]. The methods emploved so far being some-
what complicated, a simpler and more com-
prehensive formulation should be sought. This
could be done using our fundamental equations
with the diakoptical coordinates, as follows,
by defining a normal form of the matrix of
diakoptical eigenvalue problems. Two methods
using the normal form will be shown.

6-1. Equation of eigenvalue problem by
diakopties. An eigenvalue problem is repre-
sented by

(A=2D) x=0, 6-1)

where A is a symmetric square matrix, I the
unit matrix, 2 the eigenvalue to be determined,
and x the eigenvector to be determined. In
the case of the eigenvalue problem of a field,

Hop—-2p=0, (6-2)
where X is an hermitian operator and ¢ is

the eigen-function, the general analytical
problem can approximately be reduced to an

closed

algebraic problem such as (6:1) by approximat-
ing the differential operators by difference
operators.
The problem (6-1) can easily be translated
into an equivalent electrical network
problem. In this representation, the

closed eigenvector x is represented by the

node-voltage vector E=(E,) (E, is the
vaoltage of a node &), and the matrix
A—~2I plays the rfle of the node-
admittance matrix.

Since our node-admittance matrix is
A—1I, the network contains »n branches
having negative resistances whose admit-
tances are the indeterminate eigenvalue
— 21, where » is the order of the matrix,
i.e. the number of the independent nodes.
Every independent node is connected
to the earth point by one of the branches
whose admittances are —A4; for an ex-
ample see Fig. 11.

>

Fie. 11

Our eigenvalue problem is to obtain the eigen-

value 2, such that there appears a non-zero
vector E, without any impressed node currents,
i. e. we have to solve

(A—ADE=0.

This can be done by diakoptics as follows.
First, we dissect the network. In the present
problem, let us dissect it in such a manner
that the cut-network X does not contain any
nodes. Then the impedgnces of the cut-branches
do not depend on A. The subnetwork{f (which
may consist of several disconnected parts)
contains all the nodes. On using the diakoptical
coordinates which consist of the node voltages
E.(a=1,2,...,n) and the mesh currents z‘g(p——“l,
2,1...f %), the fundamental equation of diakogntics
takeso the following form
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where each of the minors in the left upper
half y?'—‘b-—ﬂ’ represents the node-admittance
matnlx of the i-th subnetwork torn apart, and
z g is the mesh-impedance matrix of X (repre-
ented by a diagopal matrix in our case in
which each independent loop bconsmts of one,
and only one, cut-branch), K i is the incidence
matrix between the node b of X and the mesh
(cut-branch) p of X, conmstmg of slmnle integers
0, +1. Thuso we obtain the diakoptical equation
of the eigenvalue problem. But we should note
that equation (6:3) has not directly the type
appearing in the ordinary eigenvalue problem,
i, e. the coefficient matrix is not of the form
A—2I, but A—iF, where I is not the unit
matrix although it has 2 similar form;

1 ; \
1
% w0 0
0
F] IR % S
] 0
0 0
0
6-2. Normal form of the matrix of a dia-
4 koptical eigenvalue problem. In the previous
subsection, we have obtained the equation of
the eigenvalue problem of diakoptics,
y=A I K\(E
1 i 1
............ T. ..;......... v maamas =0' (6‘3)
-K = £
I 0
But we see that the form of equation (6-3), or
equivalently
2
A s
{ y I K [ E i E
1. 1 . i0 1
E..".-u = . E wemnemarl g
—KT i ; 'y ;
l LN l : i g
0 ‘0
(6-4)
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is not invariant under basis transformations of
the diakoptics coordinates.
Since F is not invariant, i.e. T-1FT=I or

1 ! 1

s ) I P G
for an arbitrary non-singular matrix T, the
Jacobian method cannot be effective for solving
(6-4). But if transformation is made only in
the subspace composéd of }12'. without changing
the i-part, the matrical equation (6-4) is kept
0

form-invariant.

Theorem 2. By a unitary transformation of
the E-part, the diakoptical equation of the

1
eigenvalue problem can be transformed into the
following form

1 21',,—1 :
- . 7 E'
t |=0(6:5)
An—12
-Kr z i
' ] ¢

where A'; is the i-th eigenvalue of the subnetwork
X.

1

Proof: Let :{z-be the i-th normalized eigen-
vector of the subnetwork, and

Then U is a unitary matrix, U™*=U7. Adopt-
ing these vectors u as the new basls vectors

of the sub-space f} the matrix yﬂ- of the sub-
network is transformed into the diagonal form

U-tyU=
1

Therefore, we have (6.5), where the eigenvectors
of the subnetwork X are chosen as the basis

vectors of the %‘-pa%:t, and K'=UTK.
We call (6-5) ‘“the diakoptical normal form
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of the equation of eigenvalue problems ™.

To solvé the problem by diakoptics is to
solve firstly the subnetwork and secondly the
intersection network by utilizing the solfation
of the subnetwork. Therefore, we can start
with the normal form (6-5) which can be obtained
from the solution of the subnetwork. Several
methods will be found for s¢ handling (6-5).
Here we shall propose only two of them, one
of which is that which was propounded by
Kron [2].

6.3, Solution by direct method (Kron’s
method). We shall first show Kron’s method
[2] in a slightly revised form represented in
terms of our theory. Let us consider the
diakoptical normal form of the problem repre-
sented by

2 -2

T—a

Ot -

-K7 iz
o

where A/;(i=1,..n) is the i-th eigenvalue of
the torn’subnetwork. Solving this equation
by partitioning and eliminating f.', we obtain

-1 -1
', -=z iy " N .
2 (Di=(E+K K)i=0

n-2
(6-6)

"Therefore, the non-zero vector ;‘; can appear
when, and only when, the determinant of the
matrix z/(1) vanishes

_——1 -
=2

[z/{=] 2+ K'T

An—4

67

Solving this characteristic equation, we obtain
the eigenvalues 2; of the entire system. Using
the eigenvectors i; corresponding to the eigen-
value 2=2; of (6-6), we have the eigenvector
1;?,- from the upper half of (6.5}

Div.F
A1-2s
B-2; 0
K E,|=—-Ki,,
1 9
0
An—Aj5

(6-3)

in reference to the basis (z4,us,...#,) consist-

ing of the set of the eigenvectors of the sub-

network. The i-th eigenvector E; will be
1

obtained as

E;=UE',. (6-9)

1 1
A special treatment will be needed for such
a degenerate case that there appear some non-
zero E's in spite of i=0, no current appearing
in the1 cut-branches. oIn such a case, the above
consideration cannot be applied, and the equa-
tion (6-5) reduces to
Ay—2
Ag—2

{6-10)

Non-zero E’ can appear only when 1 coincides
with one of1 the 2','s, 1. e., an eigenvalue coincides
with one of those of the subnetwork. Generally,
such may be the case when more than two
eigenvalues of the submetwork coincide. The
eigenvector E’ satisfying (6:10) will easily be
found to be 31. linear combination of the eigen-
vectors of the subnetwork corresponding to
the multiple eigenvalue. When the subnetwork
has some multiple eigenvalues, we must solve
the problem after eliminating the degrees of
freedom corresponding to these degenerated
eigenvectors.

The above method essentially coincides with
Kron’s (cf. [2]), except that the treatment of
the degenerate case is revised.

6-4. Seolution by iterative method.*? A method

1) The original idea for this method was obtained
during our discussions with Dr. M. Iri on this
theme. This method has apparently some similarity
with the escalator method ([271.
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can now be developed for obtaining all the
eigenvalues exactly by k iterations (& is the
number of the cut- branches) This is, p%ysically
speaking, to connect a cut- branch to the subr
network and solve the system so obtained, in
one iterative process. Then, regarding this
new system as the new subnetwork, we iterate
this procedure till all the cut-branches are con-
nected.

First, solving the eigenvalue problem of the
subnetwork, we may start with the normal
form,

k{ _KT N
D W ) H ]

where 1, is the #-th eigenvalue of the sub-
networf{, K =UrK and U is the unitary matrix
composed of the eigenvectors of the subnetwork.
Before we start on the iterative procedures,
it may be convenient to eliminaie those degrees
.of freedom which have the same eigenvalues
as those of the subnetwork by the method
described in the previous subsection (the
degenerate case). Of course, this is not a
necessary procedure, but it is convenient.

Let us comnect a cut-branch, say I, to
the subnetwork. Then the equation -of the
«connected system has the normal form

e
lg—2
0 -
n K || E
. =0,
R
¢ H
_KT N
1 =1 A
(6-11)

-where K3, is the first column of K’ and 2z is
the impedance of the first cut-branch. Expand-
ing the determinant of the coefficient matrix
of (6:11) with respect to the last column, we
“save for the characteristic equation,

4

§1(§1—3) (52—2) (1 —1)+Zk1 (11—3)
'"(éi—‘l'—}‘)([’34+1—1)'"(§'n_‘1)=0! (6-12)

where %;; is the i-th component of Kj. If
some components of X3, say &y, are zero, we
obtain from (6-12) a solution

l—%j-

This is a degenerate case, and its eigenvector
is the same as m;, the j-th eigenvector of the
subnetwork. If a multiple root 2; exists in the
subnetwork, this is also the eigenvalue of the
new system. Hence, we can immediately find
the eigenvalue and the eigenvector in a degener-
ate case without any calculation. Afterwards
we divide (6-12) by iJr:Ii(,n-x) and obtain

- k2 L2 I T
FQ)y=zy+ 21__1+§2_l+ +§ﬂ_,1 0.
0

(6-13)

Since f(2) has poles at i1=i;(i=1,...,n) and
§1>0, %,:%>0, we see that the #-th zerao-point
of F(A), A; lies between 61.; and 544.1,

M= SIS =S 1,54,. (614
ot 0 )

Since f(1) and f/ ()= dj;al) have simple forms
such as (6-13) and

fO=Z (2 )a ) (6-14)

and the positions of the roots are hounded by
(6-14), the roots will easily be obtained by
Newton’s method. Thus we can calculate the
eigenvalues 2,’s (i=1,2,.,.n) of the subnetwork
to which the first cut-branch is added. The
eigenvectors u; 's of the newly obtained sub-

network are obtamed from (6-11) by,

N
611"‘35

X |. (6-15)

An—2s
¢
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Thus we have the eigenvalues &; and the
eigenvectors u;, hence a unitary matrix U
=1y, Ug,...,U,] 0f the new subnetwork. Then
we iterate thle above procedure by connecting
another cut-branch, say 2, to the subnetwork’
where the branch 1 is already connected. when
k iterations have been carried out, we obtain
the eigenvalues and the eigenvectors of the
original system exactly.

We have the following theorem with respect
to this methed.

Theorem 3, The i-th eigenvalue A; of the
J-th iterative procedure lies bemueenjl,- andjl,-ﬂ,
—1 -1

6:5. Example. Determine the vertical vibra-
tion of the mechanical system shown in Fig. 12
where four masses have weights 1;

m=1,

-____W.
e

Fia. @

This system can be represented equivalently
by an electrical network shown in Fig. 13,
where the node voltages E.'s («=1,2,3,4)
represent the amplitude of the vibration of the

masses, and A=w? (@ is the angular frequency
to be determined). The admittances of the
branches are shown in the figure (Fig. 13). The
ordinary method shows the eigenvalue problem
such that

1 1 v
3p-1 ~1 -3 0 E,
-1 3z o -l ||g
2 2 -0
1 1 )
— 0 33-2 -1 |E
1 1
0 -5 - 1 3-§-~2 ) E,
(6.16)
Cx Tearing the network
2y 9 g (see Fig. 14}, the solution
! /
T x of each separated sub-
i 3 ' division can easily be
X b! ! teatr? = . .
p } \ obtained. Since the two
! ' parts of the torn sub-
Fie. 14

. network are the same,
we mayv solve only one of them, i. e. the
following equation

3-2 -1 1[E‘1]_0
-1 3-x)Ey) 7
From this we have the solution of the sub-
network, whose eigenvalues are
=2, =4, 23=2, i,=4,

and whose eigenvectors stand as the columns
in a unitary matrix

1 23 4
AR (6-17)
A2 11
1 -1

23
The incidence matrix K% is

a\p 1 2
190
1 1
s 2 1
Ki=
§ 3 -1
4y —1

There are two double roots, i'=2 and i'=4.
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We find from (6-10) that a linear combination
of the eigenvectors corresponding to AU'=2,
(y+ug)/+/ 2 is the eigenvector of the entire
system of which the eigenvalue is A=2. Another
eigenvector of the subnetwork corresponding ¢
to 2=2 and orthogonal to this vector is (my—
ug) /o/2. Of course, this is not the eigenvector
of the entire system. In a similar way we
find that (ms+uy)/+/2 is the eigenvector of
the entire system corresponding to i=4.
Another eigenvector of the subnetwork cor-
responding to i'=4 is (g —u)/A/ 2. Hence
taking

—«/ITQ—(U;, +g), %(“2 +uy)

1 1
“‘ﬁ(“l —Ug) 7—?(“2 —ug)s

as the new basis vectors (they are orthogomal
to each other), the diakoptical normal form of
the equation can be rewritten :

2-1 E;
42| 000 hiEg
22 P11l E;
0 e e
4—2 -1 1| |E{|=0
................. e -
0 a 0
~1 -1 ! 3!/ 4

¢}

The first two rows represent the trivial solu-
tions we have obtained in the above, i. e. =2,
i=4 and

= L1111], wp=4[l ~11 -1].

The other parts yield the matric equation of
the normal form

2-2 1 1)(E3

4-2; -1 1|1 E;
....................... reesnnen| o= 0. (6019)

~1 1] 2 it

0

-1 =1 3| ¢

- 1]

The solution of this equation can easily be
obtained by either of the direct or the itera-

tive method. They yield

25 =2.819540, 2,=4.847127,
and

g = [.539537 . 457056 —.539537 —. d57056],
u, = [.457056 —.539537 —.d457056 .539537].

7. Topological Structures of .if and %I

As we solve the network problems of {I and
}0( in diakoptics or codiakoptics, we must clarify
the topological structures thereof. Since the
homology groups of X have such unusual charac-
teristics as do not appear in X, we shall first
investigate them. Then, adding some meshes
or nodes to 2‘1{, we shall obtain the equivalent
network of X. Using it, we shall study how
many unkn&wn variables are needed in this
method.

7.1. Homology groups of %’ Since .if is
closed, a 1-cell {branch) of X is incident to one,
and only one, 0-cell (node) jLof X with positive
sign and to one, and only one, with negative
sign. Hence the character of the incidence
relations between (-cells and 1-cells is the same
in X as in an ordinary network complex.
Therefore, we can conclude (see [24]) that there
are no integral torsion coefficients in the
dimension 0

T3=0,
1

and the 0-th Betti number R° is equal to the
number of {connected) components of X, There-
fore, the 0-dimensional integral homo]égy group
HYX) is a free group with 11?0 generating
elements. But the Il.dimensional homology
group H1(X) of X Is quite different from the
H}(X) of X, not only in that it has a torsion
part but also that it may have even a Beiti
part¥, i. e. 151#0, while the 1-dimensional
homology group H1(X) of X always vanishes.

"As there are no 3-dimensional elements in X
1

1) In X, every l-dimensional cycle can be made to
bound a 2-cell or a 2-chain 124). Consequently the
i-dimensional torsion group, as weil as the Betti
group, can be reduced to nil. But there may appear
the l-dimensional torsion and Betti groups, if the
boundaries of meshes (2-cells) added to some loops
{l1-cycles) of X do not constitute a basis of the group
of integral l-cycles. (see [25].)
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H?({() is a free group of rank iiz. Thus we
have

Thecrem 4. The structures of the Iwmc:ploig'yJ

groups of ;if are represented as follows:

H5(X)=BJ(X), 1
H}(X)=B}(X)+T}(Jf), (7-1)
H3(X)=B3(X).

Hence it shouid be noted that a 1-cyole is not
necessarily a l-boundary in X.
1

7-2. Homology groups of /}”. Next, a Il-cell
of %{ is incident at most to one 0-cell of X with

a . - - o .
positive sign and at most to one with negative
sign. Therefore, there are no 0-dimesnsional
integral torsion coefficients in X,

0

T5(X)=0.

Since X is not'closed”, there is at least ome
node of 111' in every connected component of X.
Therefore, every node of X by adding an
appropnate node of X bounds in X, that is,
every node of X bounds in X hence the 0-
dimensional Bettl number R° of X is 0. Thus
the O-dimensional homology group HY (X)
vanishes

H}(X)=0.

Since X is open, every 2-cell incident to a
1-cell of %‘: is in %{. Let us assume such an
equation as ‘a'Cf'-*=tC1 where ¢ is an integer

and #=2. Then, choosmg an appropriate chain
?1 of}f we can comstruct a cycle C’1+ti71 and
this cycle bounds in X since H1 ()%_) vanishes,
so we have 3C?=C'+C!. Thus we have
67:02 —01 which cofltradmts the assumption

t>2 Therefore the I-dimensional torsion group
of X vanishes, H1(X)=0. But the first Betti

group of X does not vanish. Then the first

1 If }o{ is closed X is simultaneously open and closed.
This means that Xis X itself (since R1=1, i e. X

0
is a connected network). Such trivial tearing is
excluded from consideration in this section.

homology group H }(Joi') of %( is free group of
rank Ri. The 2nd homology group HI(X) of
X is aolso a free group of rank R2, since there
e?re no 3-dimensional elements. oThus we have

Theorem b. The structures of the homology

.groups of }oi are represented as follows:

H}(X)=0,
H3(§)=B}({)f), 7-2)
H}(X)=Bj(X).

Hence, a l-cocycle is not necessarily a I-co-
boundary in X. .

Since the 0-th Betti number of X is Ry, there
are R, independent 0-cocycles. 1A plllysica.lly
reali;able voltage configuration being determin-
ed by the cobeundary of a 0O-cochain, the node
voltage 0-cochain (17°=E,1,a°%’ in Jlf has Ry-fold
indeterminacy. As a base of the group of 0-
cocycles of X, we can choose the fundamental
0-cocycles of1 each component (a2 fundamental
0-cocycle is the sum of all nodes contained in
one component). Therefore, this indeterminancy
physically corresponds to the indeterminancy of
the absolute node voliage of the reference
point of each component of X (this can be
determined by considering C, olf X), By tak-
ing the cobogundary of Co, this indoeterminancy
Vanishes.

Dually to the above there are Rja independent

2-cycles, so our Cﬂ=z o2 has .'RB fold indeter-

0
minancy, but it vamshes by taking the boundary
of %'2

. 7.3. Interrelations between various homology
groups and cohomology groups., The structure
of the homology groups of X are clarified above.

4
We can know the structures of the cohomology
groups of X from the lst duality theorem (p. 117

of [4]), 1. e.

B (X)=B7(X) and T7(X)=T7.4(X)

or equivalently

R'r___.R’_ and I£=t,:+1(1:=0, 1; k=1,2,'...)-
13 i i k]
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‘We know the following exact sequences of
homomorphisms® as the interrelations of

various homology groups [22];

i =
|
0—>H? (ch)_;m (X)—H? (X)—H*(X)
(1132) (R%) (1032) (113‘: f%:)
(Betti numbers, torsion coefiicients)

i T i T

3 :
_1-;-(2._0431 (g{)_,Ho (%{)—}—*H“ (X)-—o——r() 2
gl ®) @) @=n 2D

and those of various cohomology groups:

i z 3 {
- H (0= Ho (D) — B (510
Hy (}5-) Hy(X)

T 3 { T

L, (X By (0 Ha () Ea (0D

d

—0.
From this sequence, We obtain the relations
R2+RI=R2+R3 (7-3)
1 1 0

and
RO=Ri+1 (T-4)
1 )

7.4, Addition of meshes and nodes. It is
very inconvenient for practical analysis that
subnetwotks X and X have such unusual
characteristics 1'.as mentjoned above. These are
given rise to at dissection only imaginarily
(for there are neither meshes nor nodes, in

reality, but only loops and cut-gsets) and have |
. no important practical meaning. Therefore,

we can eliminate the first homology group HHX}
by adding some meshes (2-cells) to X, as \}ve
did in the first part of this paper to theiordinary
network X. We can also eliminate the first

e
1) A seguence of homomorphisms
i Ay A Ayt
isi said to be exact if for each integer 7, the image
o
Tpoy i By — A,
coincides with the kernel of
rat Ap—r Ay,
3) T H(X)—>H(Y) means the homomorphism in-

duced by
o1 Z(X)y— Z(Y) (z: F(X)—F(Y))-

ations of Kron’s Tearing of Electric Networks
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homology group H }(%{) by adding some nodes
(0-cells) to )OC However, let us first investigate
the numbex of independent nodes m of {I and
the number of independent meshes % of )0(

Denoting the number of the r-dimensional
elements of Iff by zic", we obtain

m=a’-R9, (7-9)
1 1 1

and
=a?—R2, .
=g @)

Using the Euler-Poincaré relation for each sub-
complex :

Zrgr=RNE

or
(02— R +(ad =R =(a*-RY), (T)
11 4 i i i i

we obtain
p=ol—RI=(a*—~RY)—(a® —R%.
) 0 0 0 4] ¢] 0

Considering (7-4), 1. e 11\’.°=1£’.1+1, and %2“:0,

we obtain
k=at—(a®+RO-1). (7-8)
0 0 [ 1

Since

0 10 0_
af+Ri=g+ R +/

is the number of the independent 1-cocyles
(cut-sets) in %f, we define m by
1]
def

m=a®+Ro—1, 7-9)

0 0 1

Then we have from (7-8)

B+m=al. .
D-Hgt %c (710}

Let us construct a new complex (network)
.3?.’ by adding to .g{, 1120 aodes which correspond
to all connected components of X one-to-one.
See Fig. 15. Therefore the first ho;nology group
H1(X) vanishes and m can be regarded as the
number of the independent nodes of %?. Practi-
;ally, we had better use__this %'f instead of %{,
and Kirchhoff's laws in _gf are expressed in the
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same way as in the ordinary network.

In a similar way as above, we have

=gl —(a?1 R RY). .
m=al~(a?+R*~R?) (1 11)

Since

g2+ R1-R¥=a?+ RO—

1 1 i 1 9
is" the number of the indepentent I-cycles in
}15, we define {a by

k=a?+R®—R2. (7-12)
1 1 0

Then we have from (7.11)

preey (7:13)

Let us construct a new complex X by adding
1‘32—1273 meshes to .31‘( and changing some meshes
in such a way that every l-cycle may become
the boundary of a 2-cell or 2-cells {(meshes}.
Then the first homology group 3 ({(} vanishes,

and k can be regarded as the number of the
mdependent meshes of X Practiczally, it would
be better to use the X 1nstead of X and, of
course, Kirchhoff's laws are expressed in the
same way as in the ordinary network.

In F-VII [8], we shall use these X and X to
calculate the number of mdependent meshes
and nodes.

7.5. Number of independent unknown variables.
The number of the components of the coordinates

(the number of the independent unknown
. quantities or the rank of the matrix to be

inverted) in diakoptics or codiakoptics is the

sum of those of X and X. Kron said in his

paper (Part II: brtkoga%al Networks of [2]),

“When the original uncut system has N equa-

tions, and the system is subdivided into =

subdivisions, a set of # unknowns appears at
the points of cut (¢ in number). Hence it is
necessary to solve for N+% unknowns in n+1
independent groups, instead of solving for only
N simultaneous unknowns. The solution of
these additional 2 unknowns is the price the
engineer has to pay for whatever advantage
accrues from the piecemeal solution of N
unknowns >.** But this is not valid for our
more general cases. Using (7.10) and (7-13),
the number of wvariables in diakoptics or co-
diakoptics is shown to he

mAk={(a®—R%+(a?~R)=al—m—k
1 6 1 1 0 ) 0 1
(7-14)

As m (the number of independent cut-sets in X)
and c.'k (the number of independent loops in X)
have negativesign in(7.14), whereasa? +c121 =al=n
is a constant (the total number of the branches),
we can sometimes make m-{—!g (the number of
variables) decrease by dissection less than m
and % It would be better to dissect X, roughly
speaking, in such 2 way that X contains the
parts of many meshes (1arge mesh-density)
compared with the number of nodes and X
contains the parts of many nodes (large node-
density) compared with the number of meshes.
We shall show two extreme examples.

. Bxample in Fig. 16. In the network shown in
Fig. 16, X consists of two completely connected
subnetworks®, each having s nodes, and .3( is a

s nodes 57 steps s nodes
—_ o~ . .
ST T

1 1 Iy f i

I [ S S T |

] i 1 1 | 1

| | S B R

i | R EUE WO I

©
X X
1 1
Fig. 16

1) This statement is obviously valid in such cases as
Kron’s in which each subdivision of X has the same

1
grounded point in X, and X {cut-branches in Kron's

terminology) includes no 1-d1mensmna1 elements
{nodes). By our definition, however, diakoptics has
been extended to a more general method.

2y A com.pletelsr connected network is such a network
that each pair of nodes is connected by one, and only
one, branch.
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ladder type network, having s® steps. If s is
wery large, the number of the node coordinates
or the mesh coordinates is about 252, to each case,
whereas the number in diakoptics is about $%,
reducing to one half of the former. !

Example in Fig. 17. In the nerwork shown in
Fig. 17, }1( is a completely comnected network with
35 nodes and }ci" consists of s ladder-type networks,
gach having 2s steps. If sis very large, the
number of the unknown quantities associated with
the mesh-type method (i. e. of the mesh coordinates)
or the node-type method is about 4s?, whereas
the number in codiakoptics is about 2s%, reducing
to one half of the former.
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