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a-Divergence Is Unique, Belonging to Both
f-Divergence and Bregman Divergence Classes

Shun-Ichi Amari, Life Fellow, IEEE

Abstract—A divergence measure between two probability dis-
tributions or positive arrays (positive measures) is a useful tool
for solving optimization problems in optimization, signal pro-
cessing, machine learning, and statistical inference. The Csiszar
f-divergence is a unique class of divergences having informa-
tion monotonicity, from which the dual o geometrical structure
with the Fisher metric is derived. The Bregman divergence is
another class of divergences that gives a dually flat geometrical
structure different from the «-structure in general. Csiszar gave
an axiomatic characterization of divergences related to inference
problems. The Kullback-Leibler divergence is proved to belong
to both classes, and this is the only such one in the space of prob-
ability distributions. This paper proves that the o-divergences
constitute a unique class belonging to both classes when the space
of positive measures or positive arrays is considered. They are the
canonical divergences derived from the dually flat geometrical
structure of the space of positive measures.

Index Terms—Bregman divergence, canonical divergence, du-
ally flat structure, f-divergence, Fisher information, information
geometry, information monotonicity.

I. INTRODUCTION

ARIOUS divergence measures are used to show how two
V points are separated in a space .S of signals.

A divergence is used to solve an optimization problem.
Given a point p find ¢ in a model set that minimizes the diver-
gence D[p : ¢] from p to ¢. There are many problems of this
type in signal processing and vision analysis; see [26] and [27],
for example. A divergence is also used for a clustering problem,
where a set of points is divided into a number of clusters such
that these points close to each other in the sense of the diver-
gence belong to the same cluster. The center of a cluster is also
defined by using the divergence [27], [7].

When the space is a set of probability distributions, the most
well-known divergences belong to the class of f-divergences
and the class of Bregman divergences. These classes have their
own characteristics. Csiszdr [1] gave an axiomatic approach
to elucidate the structure of divergences. The concepts of reg-
ularity, locality, symmetricity, and transitivity are introduced,
which played fundamental roles to characterize the classes
f-divergences and Bregman divergences. It was proved that the
Kullback-Leibler divergence is the only divergence belonging
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to the intersection of the two classes in the framework of
inference under linear constraints.

In many applications [8]-[10], the normalizing constraint of
a probability distribution that the total mass is 1 is relaxed,
and one treats signals represented by positive measures or pos-
itive arrays. For example, a visual signal is a two-dimensional
array with nonnegative elements. The set of nonnegative sym-
metric matrices is also useful in many engineering problems.
This paper studies the relation between the two classes of diver-
gence in the space of positive measures.

Let X = {z1,...,z,} be a set of n elements on which a
positive measure m = (myq, ..., m,) is defined

m; = Measure [z;] > 0, i=1,...,n. )]

We denote the set of all positive measures by M. When

S i =1 @)

itis a probability measure, denoted by p = (p1,. .., pn). The set
of all probability distributions is a subset of M and is denoted
by P,P C M.

This paper uses a geometrical approach, where dual flatness
in information geometry [2] plays a fundamental role. The main
result of this paper is to prove that the class of a-divergences [2]
is the intersection of the classes of f-divergences and Bregman
divergences in the manifold of positive measures. This extends
the results of Csiszar [1] to problems of nonlinear constraints
with a flat structure.

The f-divergence was introduced by Csiszar [3], [4] and
Ali and Silvey [11]. See also [12] for its detailed properties.
It is characterized by information monotonicity [5]. Csiszar
gave a more fundamental characterization by using statisticity
[1]. From the point of view of geometry, it induces a unique
geometrical structure consisting of the Fisher information
Riemannian metric together with dually coupled +« affine
connections [2]. The induced geometry is not flat in general,
except for the Kullback-Leibler (KL) divergence (o« = +1).
The a-divergence [2], [13] is a special class of f-divergences.
It was used by Chernoff [14] to evaluate classification errors,
and also Renyi [15] to generalize the concept of entropy.
Tsallis [16] proposed a similar concept from the physics point
of view of nonextensive entropy. Its information geometrical
structure was given by Amari and Nagaoka [2]. We show that
the a-divergences form a class of canonical divergences in the
dually flat manifold of positive measures.

The Bregman divergence was introduced by Bregman [6]
to solve convex optimization problems. It is derived from a
convex function and is characterized by transitivity in the Csiszar
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approach [1]. The Bregman divergence [6], [7] induces a geo-
metrical structure in S, which is a dually flat Riemannian space in
information geometry. However, it is not information monotone,
and the derived Riemannian metric is in general different from
the Fisher information matrix, except for the KL-divergence. The
dually flat Riemannian structure is induced through the Legendre
transformation. Conversely, a dually flat Riemannian manifold
always possesses a convex function, from which a canonical
divergence is introduced as the related Bregman divergence.

In this paper, we consider only a decomposable divergence,
such that the divergence measure D[m : n| between m,n € M
is written as a sum of components

Dim :n] = zn:D(mi7ni). 3)

=1

This is characterized by semisymmetricity [1]. The f-diver-
gence belongs to this class, although a Bregman divergence can
be more general.

II. f-DIVERGENCE

A. f-Divergence in P

Let f(u) be a convex function satisfying f(1) = 0. Then, the
f-divergence from p to q is defined in P as

- q
Dmnd=§pﬁ<;) )
i=1 ¢
It has the following properties:

D¢lp:¢q] >0 ®)
Dilp:q] =0, iffp=gq. (6)

A typical example is
f(u) =—logu (7
which gives the KL-divergence
Dici(p:a) = Y pilog " ()
Its dual, that is, Dkr(q : p), is given by
f(u) = ulogu. )

The f-divergence further satisfies the following relations:
1) for fo(u) = f(u) = c(u — 1)
Dilp: q] = Djelp : qf; (10)
2) forc > 0
Deslp: ql = cDylp : q]-

Because of 1), we may choose f such that it satisfies f'(1) =
0, without loss of generality, by putting ¢ = f/(1), when f
is differentiable. Because of 2), we may normalize f such that
f"(1) = 1. We call such f a standard convex function.

(1)
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B. Information Monotonicity

A partition of X into m groups (m < n) is a coarse-grained
version of X. We then have m subsets G, ..., G, of X such
that

G;n Gj =¢, UG, =X. (12)
The partition naturally induces a probability distribution p over
Gi,...,Gp,

p; = Prob {GL} = Z Dk-

r,€G;

13)

Since coarse-graining loses information by summarizing el-
ements within each subset GG;, it is natural to stipulate a mono-
tonic relation

Dlp:ql > Dlp: q].

Consider the case where p; and g; are proportional inside each
class G;

(14)

G _

Tj € G;,
Dj

(15)
In other words, the conditional distributions of p and q are equal,
conditioned on z € G;. Then, it is natural to assume

Dlp:ql=Dip: gl

because details of G; do not give any information distinguishing
p from q. The equality holds only in this case.

The above properties are called information monotonicity.
The f-divergence is the only class of decomposable information
monotonic divergences [4]. We give a short proof of this fact
in the Appendix. Information monotonicity is essentially the
same as the assumption used in [17] for characterizing invariant
geometry to be introduced in a manifold of probability distri-
butions. From this, the Fisher information metric and «-affine
connections were derived (see [2] for more details). Information
monotonicity is also a basis of quantum information geometry
[18].

The f-divergence is also characterized by the statisticity of
Csiszdr [1]. It is known that any f-divergence induces a geo-
metrical structure with the Fisher information metric and +«
affine connections with « = 3 + (1) [2].

(16)

C. f-Divergence and a-Divergence in M

The f-divergence can be formally extended to M

n;
Df[m:n]:Zmif <H> (17)
However, the relation
D¢[m :n] = Dy [m : n (18)

no longer holds for f.(u) = f(u) — c¢(u — 1) [1].

Lemma: When f is a standard convex function, Ds[m : n]
is a divergence in M satisfying (5) and (6).
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The proof is easy. This lemma shows that we need to use only
a standard convex function in the case of M.

The a-divergence is a special case of the f-divergence. Let
us define the following a-function parameterized by «:

Jo(u)

4 o 2
—(1—u%)— (u—1) a#+1
_ ) 1—-a? -« (19)
) ulogu — (u—1), a=1
—logu + (u—1), a=-1.

These functions are standard. The related f-divergence is thus
called the a-divergence [2]

D,[m : n]

4 1— 1 14a l—a

o E{ 2ami+ ;ani—miQ n;’ }, a# +1
= Z(mi—ni—l—nﬂog%), a=1

Z(ni—mi+milogﬁ>, a=—1.
(20

When Y p;, = > ¢ = 1 is satisfied, we have the a-diver-
gence D, [p : q] in P. The —1-divergence is the KL-divergence,
the 1-divergence is its dual, and the 0-divergence is the squared
Hellinger distance.

Because of the information monotonicity, all the f-di-
vergences give the same Fisher information matrix g;; as a
Riemannian metric in P. The induced affine connection is given
by the +« connections, where « = 3 + f/”/(1). Although the «
affine connection is not flat in P, in general, we will prove in a
later section that it is dually flat in M for any «.

III. BREGMAN DIVERGENCE

A. Convex Function and Bregman Divergence

Let ¢ be a convex function defined onr € V' C R", where
V' is an open convex set covered by a single coordinate system
r. The Bregman divergence between r, s € V is defined by

Dylr: s] =4(r) —¢(s) = Vip(s) - (r—s) (2D
where V1 is the gradient of 1.
Let us define
= Vi(r). (22)

This is the Legendre transformation, and the correspondence be-
tween r and r* is one-to-one. Hence, r* is regarded as another
(nonlinear) coordinate system of V. We can obtain a dual po-
tential function by

Y*(r*) = max{r-r* — ()} (23)

r

which is convex in r*, and a pair of r and r* satisfies the fol-
lowing relation:

P(r) + (") —r 1" = 0. (24)
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The inverse transformation is given by
r = V¢ (r). (25)

The Bregman divergence can be rewritten in the dual form as
Dir:s]=4(r)+¢*(s*) —r-s". (26)

We have thus two coordinate systems r and r* in V. They
define two flat structures in V' such that a curve in V' with pa-
rameter ¢

r(t)=ta+b 27
is a 1-geodesic curve, and
r*(t) = tc* +d* (28)

is a ¢p*-geodesic curve, where a, b, ¢*, and d* are constants.
The Riemannian metric is defined by the metric tensors G =

(9ij) and G* = (gfj)
2

gij = WV’("') (29)
* 82 Py
95 = grzort Pr(r") (30)

in the two coordinate systems, and they are mutual inverses
G* = G~1. Because the squared local distance of two nearby
points r and r + dr is given by

1
5 Z Gij ('r)dridrj

1 * * % 7 %
3 Zgij(r )dr; dr;

Dir : r + dr]

(3D

(32)

they give the same Riemannian distance. The above two types
of geodesics (27) and (28) are different from the Riemannian
geodesic derived from the Riemannian metric, and the mini-
mality of the curve length does not hold for them. Two geodesic
curves (27) and (28) are orthogonal when they intersect and their
tangent vectors are orthogonal in the sense of the Riemannian
metric. However, the orthogonality condition can be represented
in a simple form in terms of the two dual coordinates as

(a,b") = a;b} =0.

A generalized Pythagorean theorem and projection theorem
hold for a dually flat space [2], [7], [19].

(33)

Generalized Pythagorean Theorem: Let r,s,q be three
points in V' such that the ¥*-geodesic connecting r and s is
orthogonal to the 1/-geodesic connecting s and q. Then

Dylr:s|+ Dyls: q] = Dy[r: gl 34)

Let S be a submanifold of V. Givenp € V, apoint q € S is
said to be the v-projection (¢)*-projection) of p to .S when the
1-geodesic (1)*-geodesic) connecting p and q is orthogonal to
S with respect to the Riemannian metric g;;.
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Projection Theorem: Given p € V, the minimizer of
Dy (p,r),r € S is the 1)*-projection of p to S, and the mini-
mizer of Dy (r,p),r € S, is the 1-projection of p to S.

B. Decomposable Divergence

We will consider only the case of M, although our discussion
holds true in the general case. Let k(u) be a monotone function,
and let us introduce a nonlinear coordinate system r in M de-
fined by

T, = k(mz) (35)
Zhang [20] used a special type of such representation separately
from a convex function to define a Bregman divergence. Let
U(z) be a convex function. Then, we have a convex function
of r

P(r) = Ur). (36)
The dual of U is
U*(r*) = max{rr* = U(r)} 37
and the dual coordinates are
ri=U'(r;). (38)
The dual convex function is
Pr(r) =D U (). (39)

The 1)-divergence between r and s is decomposable and given
by the sum of components [8]
Dyr:s]=> {U(ri) + U*(s}) —msi}.  (40)

Given two functions k(m) and U (r), we can introduce a du-
ally flat Riemannian structure in M, where the flat coordinates
are not m but rather 7 = k(m). There are infinitely many such
structures depending on the choice of k£ and U. We show two
typical examples, the a-divergence and (-divergence, both of
which use a power function of the type u? including the log and
exponential function as the limiting cases.

The Bregman divergence is characterized by the property of
transitivity [1]. Geometrically, it is characterized by the property
of dual flatness [4], which is applicable to the case of nonlinear
constraints through a nonlinear representation function.

C. [(-Divergence

Use m itself as a coordinate system of M; that is, the rep-
resentation function is k(u) = w. The 3-divergence [21] is in-
duced by the potential function

B+1

1 o1
Up(z) = { RS

exp 2,

8>0
B =0.

(41)
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The [-divergence is thus written as

Dg[m : n]

1
) B+ (”?H_mfﬂ)‘%sz(”i—mi% B>0

> (milogﬁ—l—ni —mi> ,
e

7

B =0.
(42)

It is the KL-divergence when 3 = 0, but it is different from an
a-divergence when 3 > 0.

This is the unique class of divergence satisfying the regular,
local, transitive, and scale-invariant properties of Csiszar [1].

Minami and Eguchi [22] demonstrated that statistical infer-
ence based on the (3-divergence (8 > 0) is robust. Such idea
has been applied to machine learning in [8]. The (3-divergence
induces a dually flat structure in M. Since its flat coordinates
are m, the restriction

(43)

Zmizl

is a linear constraint. Hence, the manifold P is also dually flat,
where p is its flat coordinates. The dual flat coordinates are

1
mj:{(1+ﬂmi)ﬁ7 p#0 (44)
€exXp m;, /8 =0
depending on £3.
D. «-Divergence as Bregman Divergence
Let us define the a-representation by
2 (5 -1 1
ka(u)z{l_a(“ -1), a# 45)
log u, a=1.
Then, the a-coordinates r,, of M are given by
() = ko (my). (46)
Next we use a convex function
Ualr) = k3 (1) @)
o(r) = o (7).
14+«
In terms of m, this is a linear function
Uar(m)} = 1 @8)
afr(m)} = m
1+«

which is not a (strictly) convex function of m. The a-potential
function defined by

Yalr) = = Yk ()

2 l—a \T7
= 1 ;
1+ozz<+ 2 r)

is a convex function of r.

(49)
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The dual potential is simply given by

Pa(r’) = P_alr”) (50)
and the dual affine coordinates are
(@) = (=) = k__(m). (51)

We can then prove the following theorem.

Theorem: The a-divergence is the Bregman divergence de-
rived from the a-representation k. and the linear U,, function
of m.

Proof: We have the Bregman divergence between r =
k(m) and s = k(n) based on 1, as

D,[r: 8] = Yo (r)+ _n(s*) — 715" (52)

where s* is the dual of s. By substituting (49), (50), and (51) in
(52), we see that D, [r(m) : s(n)] is equal to the a-divergence
defined in (20).

This proves that the a-divergence for any « belongs to the
intersection of the classes of f-divergences and Bregman diver-
gences in M. Hence, it possesses information monotonicity and
the induced geometry is dually flat at the same time. However,
the constraint ) m; = 1 is not linear in the flat coordinates
r or r~ except for the case « = £1. Hence, P is not dually
flat except for « = +£1, and it is a curved submanifold in M.
Hence, the a-divergences (a # +1) do not belong to the class
of Bregman divergences in P. This proves that the KL-diver-
gence belongs to both classes of divergences in P and is unique.

The a-divergences are used in many applications, e.g., [23]
and [24].

IV. UNIQUENESS OF THE a.-DIVERGENCE

Theorem: The «a-divergence is the unique class of diver-
gences sitting at the intersection of the f-divergence and
Bregman divergence classes.

Proof: The f-divergence is of the form (17) and the de-
composable Bregman divergence is of the form

ZU(mz’) +ZU*(7M‘) - Zm(mi)rf(ni) (53)
where

(54)
and so on. When they are equal, we have f, r, and r* that satisfy

mf (%) =r(m)r*(n)

except for additive terms depending only on m or n. Differenti-
ating the above by n, we get

(55)

!

f (%) =r(m)r* (n). (56)
By putting z = n,y = 1/m, we get
1 /
P =r (3)r @) 67
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Hence, by putting h(u) = log f/(u), we have
h(zy) = s(x) + t(y)

where s(z) = logr* (z),t(y) = r(1/y). By differentiating the
above equation with respect to x and putting z = 1, we get

(58)

R (y) =-=. (59)
() ”
This proves that f is of the form
culJ‘rTa, a#+1
f(u) =4 culogu, a=1 (60)
clogu, a=-1.

By changing the above into the standard form, we arrive at the
a-divergence.

Corollary: The KL-divergence and its dual are unique diver-
gences belonging to the f-divergence and Bregman divergence
classes.

V. DIVERGENCE AND GEOMETRY

A divergence D[r : s| uniquely determines the geometry
of S, consisting of a Riemannian metric and a dual pair of
affine connections [2], [25]. However, a dual geometry does not
uniquely determine a divergence.

In the case of the f-divergence, the Riemannian metric is al-
ways the Fisher information matrix, and affine connections are
determined from o = 3+ f”/(1). Since the two standard convex
functions f(u) and

flu) = f(u) + c(u—1)*

satisfy f”/(1) = f"’(1), they give the same dual pair of affine
connections.
Given a Bregman divergence D[r : s], the new divergence

D[r:s] = Djr:s]+ cZ(n — i)t

(61)

(62)

gives the same dually flat geometry, although it is not a Bregman
divergence.

When a manifold S is dually flat, we can always find affine
coordinate systems r and its dual 7*, as well as convex func-
tions k(r) and k(r*). The affine coordinates are determined
up to affine transformations and convex functions up to linear
terms. However, the derived Bregman divergence is unique. We
call this the canonical divergence of a dually flat manifold. The
KL-divergence is the canonical divergence of the « = £1 du-
ally flat structure of P and the a-divergence is the canonical
divergence of M.

When S is not flat, we do not have a canonical divergence.
When S is embedded in a higher dimensional dually flat mani-
fold S such that the dual structure of S is inherited from that of
S, we can construct a canonical divergence D[i‘ :8]in S. Let

7 = h(r) (63)
be the embedding function. We then can write the canonical
divergence induced to S, given by

D[r : s] = D[h(r) : h(s)]. (64)
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Theorem: The a-divergence is the canonical divergence of P
embedded in M.

VI. CONCLUDING REMARKS

The class of f-divergences has information monotonicity,
and induces a geometrical structure with the Fisher metric and
Fa-connections. However, it is not necessarily dually flat.
The class of Bregman divergences always gives a dually flat
geometrical structure but does not generally have information
monotonicity.

We proved that the intersection of the f-divergence and
Bregman divergence classes in M consists of the «a-di-
vergences. The KL-divergence and its dual are the unique
members belonging to the both classes in P.

We have so far considered only decomposable divergences.
For a monotonically increasing function k& with k(0) = 0, we
can obtain a new divergence function

Dip: q] = k(Dylp: q)) (65)
from an f-divergence Dy. This function is again a divergence
with information monotonicity, but is not decomposable.

The following is an interesting conjecture.

Conjecture: When a divergence D[p : q] satisfies informa-
tion monotonicity, it is a function of an f-divergence.

APPENDIX
PROOF OF INFORMATION MONOTONICITY OF f-DIVERGENCE

We first show that, when f is convex, the f-divergence has
information monotonicity. We summarize x; and x» into a new
group G, keeping all the other x; as singletons. Then, it suffices
to prove that

pf <q_1> +pof (2> > (p1+p2)f <M) (66)
241 D2 p1+ P2

All the other cases are proved in a similar way. We put

/\z:&,

DPi

i=1,2. (67)

Then, the right-hand side of (66) satisfies

P1 P2
+ A+
1+ p2)f <p1 +p2 ! P1+p2

/\2> <p1f(A1)+p2f(A2)
(68)
from the Jensen information
monotonicity.
Conversely, we assume that information monotonicity holds

for

inequality. This proves

Dip:q] = ZD[pi s qi]- (69)

For a group consisting of two elements x; and x5, this implies

Dpi:q1)+Dp2:q2) =D(p1+p2:q1 +q2)  (70)
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when
Q1 =Ap1 Q2= Apa. (71)
By putting
k(p,A) = D(p, Ap) (72)
we have
k(p1,A) + k(p2, A) = k(p1 + p2, \) (73)
for any A > 0. This holds for
k(p, A) = f(Mp. (74)
Hence, D is written in the form of
D(p.q) =pf <%> (75)

proving the theorem.
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