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Information Geometry

S.-I. AMARI

ABSTRACT. Information geometry has emerged from the study of invariant
properties of the manifold of probability distributions. It proposes a Riemann-
ian manifold with two torsion-free dually coupled affine connections. This is
called the dual structure. Affine differential geometry and Kihlerian manifolds
give special cases of the dual structure and statistical models give more general
cases. A dually flat manifold has special properties such as dual orthogonal
foliations, generalized Pythagoras theorem, the invariant divergence, and the
Legendre structure. The present paper reviews the mathematical structure of
information geometry and some unsolved mathematical problems are shown.
Information geometry is regarded as mathematical sciences having vast devel-
oping areas of applications as well as givining new ideas to puré mathematics.
The paper touches upon such applications, too.
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1. Introduction

Information geometry originated from the study of the manifold of probability
distributions. Consider the set of all the Gaussian distributions as a simple ex-
ample. Any Gaussian distribution is specified by the mean value u and variance
o2, so that it is regarded as a two-dimensional manifold where (u,c?) is a coor-
dinate system. What is the natural geometric structure to be introduced in such
a manifold? Information geometry gives a definite answer to this problem, and
an invariant geometrical structure can be introduced into the manifold consisting
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82 S.-I. AMARI

of a smooth family of general probability distributions. Information geometry is

- useful not only for applications to statistics, information theory, systems theory

where probability distributions play a major role, but also gives a new concept to
differential geometry. '

Let us consider a manifold M with a Riemannian metric g, {M, g}. Let VO
be the covariant derivative due to the Levi-Civita connection. For vector fields X,
Y, Z, it satisfies the metric condition

(L.1) X(Y, 2y = (VQY, 2y + (v, V0 2),

where {-,-) is the inner product due to g. This is the Riemannian structure. It
was proved that the manifold of probability distributions has a unique invariant
Riemannian metric. Moreover, it has a pair of torsion-free affine connections or
covariant derivatives V and V* which satisfy the duality condition,

(1.2) X(Y, Z) = (VxY, Z) + (Y, Vi 2).

“When the Riemann-Christoffel curvatures R and R* due to V and V* vanish (but

R(® does not necessarily vanish), the manifold is said to be dually flat. The dually
flat manifold has rich structures related to the Legendre transformation and a
generalized Pythagoras theorem holds with respect to the invariant divergence. -

" Information geometry gives a powerful method to information sciences and physics

based on the dual structure of affine connections.

It is rather surprising that the dual structure has not studied sufficiently from
the point of view of pure mathematics. It originated from statistics and information
sciences (see Rao [1945], Chentsov [1972], Amari [1985], Murray and Rice [1993],
Amari and Nagaoka [1994]). However, a special case of such a structure originated
from the theory of hypersurfaces in affine differential geometry (Blaschke [1923],
Nomizu and Sasaki [1994]). Another special case was proposed by Shima [1980; 1986;
1995] as the Hessian manifolds which are real manifolds keeping some properties
of Kahierian structures.

The present paper reviews the geometry of the dual structure and presents
mathematical problems to be solved further. The paper also touches upon wide
ranges of applications of information geometry. .

2. Riemannian Manifold with Dual Affine Connections

Let {S, g, V} be a structure on an n-dimensional manifold S, with Riemannian
metric g and affine connection V. Let T}, be the tangent space at point p € S. For
tangent vectors X,,Y, € T}, the Riemannian metric defines their inner product g :
T, xT, =R, '

(2.1) : 9(Xp, Yp) = (Xp, Yp).

The affine connection is represented by the covariant derivative V: T x T — 7,
where 7 is the set of all tangent vector fields. The covariant derivative of vector
field Y in the direction X is denoted by VxY. An affine connection is said to be
metric when it satisfies .

(2.2) ’ X(Y,Z) = (VxY,Z) + {Y,Vx 2).

The Levi-Civita connection is the only torsion-free metric connection. In this case,
{S.g,V} is called the Riemannian structure.
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Let £,i=1,---,n, be alocal coordinate system of an n-dimensional manifold

 §. It defines the natural basis vector fields denoted by -
%,
e; = 8—£; = 6,,
The metric tensor is given in this coordinate system V by
(2.3) ' 9i; = (@i &)
and the parameters of the affine connection by
(2.4) Lijk = (Ve.ej, ex)

in this coordinate system.

Let us consider a manifold S which has a Rlemannlan metric g and two affine
connections V and V*. This gives a structure {5, g,V,V*}. The two affine con-
nections are said to be dual or conjugate with respect to the metric, when

(2.5) X(Y,Z) = (VxY, Z) + (Y, V% Z)

holds for any vector fields X, Y and Z. Refer to Amari [1985], Murray and Rice
[1993], Amari and Nagaoka [1994] for the details of the following discussions. By
substituting the natural vector fields e;, e;, ex for X, Y and Z, we have

(2.6) 8igj(§) = Ly (§) + T (€)

for the duality of V and V* in the component form. When V = V*, they are
self-dual and (2.5) reduces to the metric condition (2.2). Therefore, the Riemann-
ian geometry {5, g, V} with the Levi-Civita connection is the self-dual case of the
general dual Riemannian structure.

In general,
(2.7) ' Tijr = Tip — Dije
is a tensor. It is easy to prové
(2.8) Tijk = Ve, (ejs k) = Vigjk.

In particular, when both V and V* are torsion-free, Tj;x is a symmetric tensor.
Hence, the torsion-free dual structure is characterized by {S,g,T'}, where g and T
are symmetric tensors. On the other hand, given symmetric g and 7', we can define,
for a scalar parameter ¢, a family of torsion—free connections by

(29) PE_;); - {Zj,k} i z]k:
where
(2.10) f?,)c = {ij; k} = (&;gjk + 8595k — Ok gij)

is the Levi-Civita connection. In this case, for any «, {S,g, V¥, V7%} defines the
dus] structure called the a-structure. The Riemannian structure is the self-dual
case with a = 0.

The duality can be expressed in the following integral form. Let ¢ be a curve
connecting two points p and g. Let I and II} be the parallel transport operators
of vectors from T}, to Ty along ¢ by V and V™, respectively. Then,

(2.11) (XYY, = (X, TI2Y),

is locally equivalent to (2.5}, where {, ) is the inner product at p.
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When V and V* are dual,, their Riemann-Christoffel curvatures B and R* are
related to each other by the duality. When R vanishes, R* automatically vanishes
and vice versa. .

‘THEOREM 2.1. For the a-structure, its La-curvatures satisfy
(2.12) RSy = R,
" where
z(?lzl = R(e, €5, €k, er)
is the Riemann-Christoffel curvature tensor.

The dual structure can be extended to any linear fibre bundles with inner prod-
uct. Moreover, it can be incorporated with the conformal structure. ‘The structure
{5,§,T} is said to be conformally equivalent to {S,g,T} (Okamoto, Amari and
Takeuchi [1991)), when there exists a positive scalar field o such that

(2.13) G = 08

(214) Ty = o(Tije+ 9158k + GikS; + girS8i),
where

(2.15) s log o.

"The dual ﬁrojective structure is studied by Burdet and Perrin [1996].

3. Dually flat manifolds

When {S5,g,V,V*} is torsion- and curvature-free, the manifold § is said to be
dually flat. The Riemannian (Levi-Civita) curvature does not vanish in general.
When it also vanishes, S is proved to be self-dual and flat, so that it reduces to
the Buclidean space locally. Therefore, a dually flat manifold is a generalization
of the Fuclidean space. The dually flat structure inherits some of the Euclidean
properties. See Nagaoka and Amari [1982], Amari [1995], Amari and Nagaoka
[1994].

Since V and V* are flat, we have two local affine coordinate systems 6 = (6%)
and 1 = (n;) such that the coordinate curves are V- and V*-geodesics and the
natural basis fields {e;} and {e*'} are V- and V*-parallel, that is,

(31) Veiej = 0, Ve:e; = 0,
respectively, where

0 wi_ 0O
(3-2) e; — %, € _a’rh

They are determined to within affine transformations. We can choose a pair of V-
and V*-affine coordinates such that they are biorthogonal everywhere,

(3.3) (e;,€") = 67.

The following theorem holds in this coordinate system.
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THEOREM 3.1. Inq dﬂally flat manifold, there exist two convex potential func-
tions (0} and p(n) locally, such that the two coordinates are connected by the
Legendre transformation,

(3.4) B(6) + oln) = 36 =0
65 m=£yw,m=£w@.

The metric tensors g;; = (e, e;) and g = (e**,e*’) are mutually inverse matrices
and are given by

; 82 . 32
. O R ) — .

On the contrary, when a differentiable convex function 1{#) exists in a manifold
M with coodinates 8, we can introduce the following dually flat structure

{M,q,V,V"}
given by
52
9i5(0) = 5500,
(@) =0
and
T9%(n) = 0
in the V*-affine coordinates
m = 5 (6).

Therefore, the dually flat structure is regarded as the natural geometry of the
Legendre transformation.

A dually flat manifold has moreover the following structure which is not known
by the theory of the Legendre transformation. Let us define a local function D :
S x 8§ — R in a dually flat §. This is a function D(p : q) of two points p, ¢ of S,
and is defined by

(3.7) D(p: q) = %(6p) +(ng) — Y _ Opmais

where 0, = (6%) and 0, = (ny) are the V- and V*-affine coordinates of p and g,
respectively. :
It is easy to prove that

D(p:q) 20,

where the equality holds if p = ¢, and, when g = p + dp is infinitesimally close to
p, it is expanded as

1 o
D(p:p+dp) = §Zgijd6‘ de’.

Hence, D is a generalization of a half of the square of the Riemannian distance.
The symmetry condition

D(p:q)=D{qg:p)
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does not in general hold nor the triangular inequality. The function D is called the
divergence function. When the dually flat manifold is self-dual, it is Euclidean and
the divergence reduces to a half of the squared Euclidean distance between p and
g. It is symmetric in this case. The divergence in general satisfies the following
generalized Pythagoras theorem.

THEOREM 3.2. Let p, q and r be three points in a dually flat S such that the
V*-geodesic connecting p and ¢ is orthogonal at q to the V-geodesic connecting g
and r. Then,

(3.8) D(p:¢)+D(g:7)=D(p:r). |
An important consequence of this theorem is the following projection theorem.

THEOREM 3.3. Let V be a closed subset of a dually flat S that has a smooth
boundary hypersurface V. Let p be a point outside V. Then, the point p € V that
minimizes D(p : q), ¢ € V, is the V*-geodesic projection of p to V, that is, when
D(p : P) is the minimum of D(p : q), g € V, p € 8V and the V*-geodesic connecting
p and p is orthogonal to 8V at p.

There is another property which is important for applications. For dual local
coordinate systems @ = (6*) and n = (#;), we partition the coordinates into two
parts, -

6 = (61,62), 7= (11,72)

where the 8, and 77; parts have k-dimensions and the remaining 8, and 1, have n- k
dimensions. Let us consider a family of k-dimensional hyper-surfaces parametrized
by n - k real parameters ¢ = (Cht1s " sCn)s

AF(e)={0]6;=c}

Then, A* is a V-flat hypersurface, and A*(c)’s form a (local) foliation of S,
A ()4 ) = ¢

when ¢ # ¢ and

U Ak (c) oS

Dually to the above, we have another foliation,

B *d)={n | m =d}
where d = (dy,- - - , d,) is the parameter to specify (n—k)-dimensional submanifolds.
Any B *(d) is V*-flat.

THEOREM 3.4. For a dual pair of foliations A = {A¥(c)} and B = {B"~*(d},
a point p is determined uniquely as the intersection of a A*(c) and a B™*(d).
Hence, (¢, d) can be used as a local coordinate system, called the mized coordinate
system. Let p = (¢p, dp) and g = (cq, dg) in the mized coordinates. Then,
(3.9) ‘ D(p:q)=D(p:p)+ D(B: q),
(3.10) D(q:p)=D(g:§) +D(d:p),
where P is the V*-projection of p to A*(c,) and § is the V-projection of q to
B™*(d,).
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We have discussed the properties of dually flat manifolds. When .S is a manifold
of dually constant curvatures, it also enjoys some nice properties expressed by
transformations and potential functions. They are studied by Kurose [1993].

4. Some Unsolved Mathematical Questions

The dual structure originated from information sciences, especially statistics.
Some special cases of the dual structure is given rise to by the affine differential
geometry (Blashkke [1923], Nomizu and Sasaki [1994], Nomizu and Pinkall [1987],
Simon et al. [1991]) and also by the Hessian manifold of Shima [1995]. However,
there remain many problems to be studied from the mathematical point of view.
We show some of them.

1. Embedding problem : It is known that an n-dimensional Riemannian man-
ifold is embedded isometrically in an n(n + 1}/2-dimensional flat (i.e. Eu-
clidean) manifold. Is it possible to embed an n-dimensional manifold M of
the dual structure in an m-dimensional dually flat manifold S such that the
dual structure of M is induced from that of $7 How large m is necessary?
It is conjectured from statistics that m = oo is in general necessary. This
is because a general statistical model M = {p(z,£)} is not a curved expo-
nential family. When and only when M has a finite-dimensional sufficient
statistics for repeated observations, it is a curved exponential family which
is embedded in a dually flat exponential family. Then, what is the char-
acterization of a manifold which is embedded in a finite-dimensional dually
flat manifold compatibly?

2. Affine embedding problem : Let M be an n-dimensional submanifold in an
(n 4 1)-dimensional affine space. Then, it is known from affine differential
geometry that a dual structure is induced in M. However, it produces only
a special type of the dual structure. More precisely, when and only when
a dual structure is conformally flat, it can be realized as a hypersurface
of an {n + 1)-dimensional affine space (Nomizu and Sasaki [1994], Kurose
[1990; 1991]). Then, what type of the dual structure is induced in an n-
dimensional submanifold of an m-dimensional affine space? See Lauritzen
[1987]. In other words, what is the characterization of the dual structure
which is realized as a submanifold of a finite-dimensional affine space?

3. Dual flatness : Given a Riemannian manifold {M, g} it is sometimes possible
to introduce a dual flat structure when one can find T such that {M,g,T}
is dually flat. Is this always possible? If possible, is T unique? If it is not
always, what is the characterizaton of a manifold having such a T'7 ‘

4. Global structure : We have so far studied only local properties of the dual
structure. How are local structures related to global properties? Some
preliminary studies are found in Shima [1995]. This is an interesting math-
ematical problem.

5. Quantum probability distributions : The manifold of quantum probabil-
ity has attracted much attention in relation with problems of quantum
observation and information transmission by quantum states. The non-
commutativity plays a fundamental role, and the related manifold has tor-
sion structure. Construction of non-commutative irformation geometry is
an important problem. See Petz [1994a, bi, Nagaoka [1989; 1994], Hasegawa.
[1993] and others.
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6. Infinite-dimensional statistical manifolds : We need mathematical founda-
tions on the infinite-dimensional manifold of probability distributions (Friedrich
(1991], Lafferty [1988], Kambayashi [1994]). Here, the topology of the man-
ifold is different from that derived from the Fisher information metric. It is
interesting to know the statistical role of the symplectic structure induced
in it (Friedrich {1991}, Lafferty [1988}; see also Barndorff-Nielsen and Jupp
[1989]). Infinite dimensional structures are related to nonparametric and
semiparametric statistical inference (Amari and Kawanabe [1996]).

7. Dual flatness and completely integrable dynamical systems : There are dis-
cussions concerning intrinsic relations between the dually flat structure and
complete-integrability of dynamical systems. It is pointed out that the afline
projection method of Linear Programming can be formulated as a com-
pletely integrable dynamical system (Bayer and Lagarias [1989]). On the
other hand, the trajectory of the solution by the inner method is proved
to be a V*-geodesic of the related dually flat manifold. Such relations to
information geometry are found in the Brockett flow and in the Lax form.
See Nakamura {1993], [1994] and Fujiwara and Amari [1995].

8. Finslerian structure : When the probability distributions {p(z, £)} are statis-
tically singular such as they do not have finite Fisher information, we cannot
introduce a Riemannian structure. A Finslerian structure was suggested in
such a case (Amari). This is related to asymptotics of stable distributions
instead of the central limit theorem and asymptotic Gaussian distributions.

5. Manifold of Probability Distributions

We touch upon the invariant structure of the manifold of probability distri-
butions from which the dual geometry originated. See Amari [1985], Amari et al.
[1987], Barndorfl-Nielsen [1988], Barndorff-Nielsen, Cox and Reid [1986], Murray
and Rice [1993], Kass [1989], etc. Let S be a set of the probability distributions

5 = {p(=,£)}

of a random variable x parametrized by an n-dimensional real vector parameter
& = (€Y---,£") € R™. Here, p(z,£) is a probability density with respect to a
common measure du of the sample space X. Under a certain regularity conditions,
S is regarded as an n-dimensional manifold with a local coordinate system £. We
give some examples.

1. Discrete distributions 5;,.
Let X be the finite sample space X = {0,1,2,.-- ,n} where z takes
on n + 1 values 0,1, -+ ,n. The probability of z is written as

(5.1) p(z) =Y &i(@)ps,

i=0

where 6;(x) == 1 when £ = 1 and 0 otherwise and
(5.2) p; = Prob{z = i}.
Hence, the set of all such distributions is parametrized by n = (7;),

ni=pi, it=1-,n




(5.4)

(5.5)
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because of sz— =1 Hence, this is an n-dimensional manifold denoted by

=0}
Sh.

. Exponential family.

When the probability density function is written as

r(z,0) = exp {Zﬁzk%(a:) —m(z) — w(ﬁ)} ,

=1
the family of such distributions are said to be of the exponential type. Here,
6 = (6%,---,0m) is called the natural parameter to specify distributions. By
introducing a vector ¢ = (z;), z; = k;(z), and by taking a common measure
d(z) = exp{m(z)}ds,
it is rewritten in the simple form

pl(z,0) = exp(>_ 'z — 9(0)},

where p(z, 0) is the probability density with respect to the measure du(z).
A family S = {p(z,6)} is said to be an exponential family when it can be
represented in the form (5.4). The manifold S, of discrete distributions is
an exponential family because it is rewritten as

p(w,0) = exp{S ) 'z; ~ (0)}

where
Ty = 61 (IE),
Pi
0" =log —.
Po
A smooth submanifold M of an exponential family is said to be a
curved exponential family. Let v = (ut,--- ,4™), m < n, be local coordi-

- nates of M, and is represented by the equation

M: ¢ =26(u).
Then, the probability distributions of M are parametrized by u in the form
p(z,u) = exp{ Y _ 8*(w)z: — $[0(u))}.

This is not an exponential family unless @(u) is linear.

. Infinite-dimensional space.

Let us consider the set of all the probability distributions which have
smooth non-zero densities with respect to the Lebesgue measure,

p(z} > 0.

Such a set S = {p(z)} does not form a manifold unless we introduce some
conditions in the behaviors of p(z) at  — +oco. The set P of all the smooth
distributions over the one-dimensional sphere (circle) S' was studied by
Friedrich [1991] and Lafferty [1988], see also Kambayashi [1994]. Friedrich
and Lafferty showed that P is homeomorphic to the manifold of all the
smooth deformations of S, while Kambayashi used the manifold of paths.
Geometry of the manifolds of Gaussian and Poissonian processes were stud-
ied by Takahashi and Sekine.
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What is the natural geometrical structure to be introduced in the manifold of
probability distributions? It was Rao [1945] who proposed the Riemannian struc-
ture by using the Fisher information matrix. The matrix g = (g;;) defined by

Ologp(z,£) Ologp(w,§)

Ggij (f) =K 85" 853 :I
is an important quantity known as the Fisher information, where E denotes the
expectation with respect to the distribution p(z,£). Chenstov [1972] proved that
the Fisher information is the unique metric under the Markovian morphisms among
{Sm}, m =1,2,--- in the discrete distributions (see also Campbell [1985]). He also
introduced a family of affine connections called the a-connections (Amari [1982],
[1985]) defined by

(56) 'E;xk); (5) {ZJ: k} i1k,

alogp(fv §) Ologp(x,§) Ologp(z, é)]
B a¢i agk '

The duality of the affine connections was formulated by Nagaoka and Amari [1982]
(see also Amari [1985], Murray and Rice [1993}).

Under a certain regularity conditions, the o-structure given by {S, g,aT} or
{8, g, V@), V(-2 is the unique geometrical structure under the transformation of
random variable = to a sufficient statistics ¥ = f{z). A typical case of such fis
a bijective transformation. (See Amari and Nagaoka [1994], see also Li [1993] for
regularity conditions). A variable y = f(z) is called a sufficient statistics, when the
probability distribution p(x, &) is of the form

p(x,£) = h(y; E)r(y)

where r does not depend on £. In this case, y carries all the necessary information
concerning the underlying probability distributions.

(5.7) T;n(6) = E

6. Applications of Information Geometry

6.1. Statistical inference. Because information geometry originated from
the manifold of probabilities, it gives naturally a mathematical foundation of sta-
tistical inference. The basic structures will be explained here intuitively. To this
end, let us consider a curved exponential family M = {p(z, u)}, which is embedded
in an exponential family S = {q(z,8)},

(6.1) q(z,0) = exp{> _ 6'z; — $(9)},
(62) - ple) = g{m, 0(w)} = exp{)_ 8" (u)z: — P(6)}.

The manifold M is a curved manifold in §, where u = (u®) is a coordinate system
in M. '

Let 1, 22, - - ,zn be N independent observations from an unknown probability
distribution p(z,«). From the observed sample, we need to estimate the true value
u by & = @(z1,--- ,2n). In the framework of the exponential family S, we take the

7-coordinate system in it given by

(63 %= o (0) = Folni.
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Then, the natural estimator 7 in § is given by replacing the expectation by the
sample average,

(6.4) o= Yo

This is the maximum likelihood estimator in S and the # summarizes all the Fisher
information included in N observations. Let 5 be the point in § whose 7-coordinates
are given by 7. We call § the observed point. However, $ does not in general belong
to M so that it does not give an estimator 4. Geometrically speaking, an estimator
€ is a mapping from S to M,

e:S>M; p—1,
where 4 is the parameter representing p{z, @) in M. Let
(6.5) ¢! (u) = {p| e(p) = u, p € S}.

We call e~!(u) the ancillary manifold of v associated with the estimator. When
and only when the observed $ belongs to e~ (u), the estimated value is .

In order that an estimator is consistent, that is, 4 converges to the true u in
probability as N tends to infinity, it is necessary and sufficient that

(6.6) e~ (u) 3 p(z, u).

Now, let us consider the expected estimation error given by the covariance matrix -
1

(6.7) C* = ME[(u —u) (@ — u?)].

When N is large, the law of large numbers guarantees that p is in an (1/v/N)-
neighborhood of the true distribution. Hence, in order to evaluate the performance
of a consistent estimator, we can linearize the estimation problem in the tangent
space Ts(u) and Ty (u) of S and M at p(z, u). The linear analysis gives the following
well known universal result of the asymptotic theory: When and only when e~1(u)
is orthogonal (with respect to the Fisher information metric) to M, a consistent
estimator has the minimum expected error given by

: 1
. ab __ _ab
(6.8) C* =¢g"+0 ( _N)
where g~ = (g) is the inverse of the Fisher metric of M..

When N is not so large, we need to evaluate the term O . In this case,

N
the linear approximation in the tangent space Tg is not sufficient, and we need to
evaluate the curvatures which show how T changes. For a bias-corrected efficient

estimator, we have the following universal result:
1 2ab 2ab 2ab 1
ab ab (e) (m) (m)
69) CP=g +2N(2[HM} +{EP] + 0] )+O(N2)

2 2
where [Hﬁ)] , [Hf(,im)] and [FS‘?)] are the squares of the e-curvature of M, m-

curvature of e~ () and the m-connection of M, respectively. Hence, an estimator
is second-order efficient when the associated e ! (u) has vanishing m-curvature. The
maximume-likelihood estimator attains this.

We can similarily construct the higher-order asymptotic theory of testing hy-
pothesis and interval estimation by using information geometry. The theory is
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extended to general non-curved exponential cases where the fibre bundle structure
is used (Amari [1987a|, BarndorfF-Nielsen and Jupp [1989]), to sequential estima-
tion where conformal information geometry is used (Okamoto, Amari and Takeuchi
[1991]}, and to semiparametric cases where the Hilbert bundle structure is intro-
duced (Amari [1982], Amari and Kawanabe [1996]).

6.2. Linear systems and time series. Let us consider a time series {z},
t = 0,%1,+%2,- -, generated by white Gaussian noises {z;} as

’ p q
(6.10) > aimei =Y bizi.
=0 i=1

The probability distribution of {z:} is specified by the parameter u = (ag, - - , ay
b1, ,b,) and is written symbolically as p({z:},u). The transformation from {z}
to {z;} is called a linear system, so that we can study the set of the linear systems
of the form (6.10) by information geometry. See Amari [1987b)].

A control system modifies its performance by adding a feedback loop from the
output. The set of linear feedback systems also form a differentiable manifold, where
the information-geometric dual structure is introduced. It plays an important role
in control systems theory. See Ohara and Amari [1994]; Ohara, Suda and Amari
[1995].

6.3. Neural networks and nonlinear systems. Let us consider a nonlinear
input-cutput system

(6.11) x = {(z;u)

parametrized by parameter u, where z is an input signal and x is the corresponding
output signal. The set of such nonlinear systems forms a differentiable manifold
where u is a (local) coordinate system. When z is a random input, {6.11) de-
fines a probability distribution p(x,u) specified by u. Hence, the dual structure is

- introduced in the manifold of nonlinear systems.

Sometimes, the input-output relation is stochastic, for example,
(6.12) x =f(z;u)+n

where n is a random noise. In this case, the behaviour of a system is specified
by.a conditional probability distribution p(x|z; u) of x conditioned on z. This also
introduces the dual structure of information geometry. It can be extended to the
nonlinear dynamical systems

(6.13) X1l = f(Xt; u).

Neural networks are nonlinear systems which include both signal transforma-
tions (feedforward networks) and dynamics (recurrently connected networks). They
are regarded as neural manifolds, where the synaptic connection weights play the
role of a coordinate system. The neural information processing is studied by infor-
mation geometry. See Amari [1991], [1995]; Amari, Kurata and Nagaoka [1992].

6.4. Information theory and statistics. Information theory studies prob-
lems of information transmission where signals are generated from an information
source which is subject to a probability distribution. Hence, the dual structure is
naturally introduced when we consider a family of information sources. Informa-
tion geometry plays a fundamental tole in the multiterminal statistical inference
problem where statistical inference is discussed under rmultiterminal information
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transmission. The dual foliation of the underlying manifold plays a fundamental

role, because it decomposes the marginal structures from correlational structures.
See Amari {1989], Amari and Han [1989].

6.5. Linear programming, convex analysis and completely integrable
dynarmical systems. A dually flat manifold is naturally constructed from a convex
function and the related Legendre transformation. For example, we take the linear
programming problem. Let M be a convex region in R”,

n

i=1

The linear programming problem is to find a point € that minimizes a linear function

(6.15) HOEDICS

We can introduce a coﬁyex function v in the inner region of M by

(6.16) $(0) = - log (Z A — b“) .
r=1

" This automatically defines the dually flat structure in M. It was shown by Fujiwara
and Amari [1995] that the Karmarkar affine projection method is the inner method
of obtaining the optimal # along the V*-geodesic. It was also shown by Bayer and
Lagarias {1989] that the method can be reformulated as a completely integrable
dynamical system. This is also related to the Brockett flow and solitons. The
relation between the dually flat structure and the completely integrable dynamical
systems is an important unsolved problem which attracts much attention. See
Nakamura [1993], [1994], Fujiwara and Amari [1995].

6.6. Quantum information geometry. Information geometry originated
from probability distributions. Quantum mechanics defines another type of prob-
ability, the complex probability, where non-commutative operators play a funda-
mental role. It is an important problem to construct non-commutative information
geometry to understand the quantum observation problem. Information transmis-
sion via quantum states, and quantum-statistical estimation of states are also an
important problem. There are lots of efforts along this line. See Petz {1994a, b],
Nagaoka [1989, 1994], Fujiwara and Nagaoka, Hasegawa [1993].

7. Conclusions

Information geometry is a field of mathematical sciences which includes wide
areas of applications. It also suggests mathematics a new but classic concept, in its
nature, of the dual affine connections, which should be studied further in the mod-
ern context. The present paper reviews the fundamental concepts of information
geometry and surveys its applications briefly. The field is developing rapidly, and
there are lots of problems to be solved. It is hoped that the present review ignites
cooperation between mathematical scientists and pure mathematicians.
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