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Information Geometry of Neural Networks

SUMMARY Information geometry is a new poweful
method of information sciences. Information geometry is
applied to manifolds of neural networks of various architectures.
Here is proposed a new theoretical approach to the manifold
consisting of feedforward neural networks, the manifold of
Boltzmann machines and the manifold of neural networks of
recurrent connections. This opens a new direction of studies on
a family of neural networks, not a study of behaviors of single
neural networks.
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1. Introduction

The brain indeed has rich capability and
flexibility to perform various types of information
processing. Information is distributed in the brain
over a vast number of neurons as a time-developing
excitation pattern and is processed in parallel by
mutual interaction of neurons. There might be strong
information principles which guarantee surprising
capability of information processing through parallel
and distributed processing of information. The brain
can be regarded as a biological realization of these
principles through a long history of evolution.

Recently, researchers have interests in modeling
information processing in terms of neural networks.
Models are sometimes faithful but simplified copies of
the actual neural networks, but sometimes are far from
the real brain. However, even if models are different
from the actual brain, they could be an engineering
realization of the above mentioned information princi-
ples that the brain also has used in different styles.
From this point of view, the recent research” on
neural networks provides a new powerful method for
elucidating non-linear systems with large degrees of
freedom, and hence is enthusiastically welcome in
various fields of engineering sciences.

Most of research on neural networks or systems
are concerned with behaviors of networks or systems,
and little attention has been paid to the mutual rela-
tion of two networks or more generally a geometrical
structure among a family of networks. It is important
to study the geometry of a family of networks in order
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to elucidate the capability and limitation of, not a
single network, but a family of networks of a given
architecture as a whole.

Information geometry'” is a new method of
approach to families of information systems. More
precisely, it originated from the study of intrinsic
geometrical structures of a continuous family of proba-
bility distributions which forms a geometrical mani-
fold®=®), Tt gives a new concepts of a manifold of
dual connections to differential geometry. The theory
is not only useful in statistical inference but has been
proved to be fruitful in various information sciences,
providing them with a new powerful method®~®,
The present paper tries to establish applications of
information geometry to various architectures of neu-
ral networks. We show that information geometry is
applicable to manifolds of feedforward neural net-
works, a mixture model of networks, recurrent neural
networks such as Boltzmann machines and more gen-
eral neural networks of asymmetric recurrent connec-
tions. It should be remarked that the same argument
holds for a family of general linear and nonlinear
systems other than neural networks.

We give here a general approach. Some exam-
ples®® have already been studied in detail, but most
of the subjects are expected to be studied in future.

2. Manifolds of Neural Networks

Various manifolds of neural networks are present-
ed in this section. They have different architectures
and different behaviors. Since we use the method of
information geometry originated from the study of
families of probability distributions®, each network is
associated with a probability distribution on a respec-
tive sample space.

2.1 Feedforward Networks

Let us consider a memoryless stochastic system
which receives an m-dimensional vector input x= (x;,
+, Xn) and emits a k-dimensional output z=(z, **,
zz). When the system is memoryless and stochastic, its
behavior is given by a conditional probability (den-
sity) function p(z|x), which gives the probability of
emitting z when x is input. Here, the input x; and
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output z; may be either a continuous variable or a
discrete variable.

A feedforward multilayer neural network is a
typical example of such systems. When neural ele-
ments behave stochastically, the network emits output
z stochastically depending on the current input x. In
this case, a network directly corresponds to a condi-
tional probability distribution p(z|x). Even when a
network is deterministic, it is possible to interprete a
deterministic analog output o; of the i-th output ele-
ment as the probability that the output element fires,
provided 0<o;<1. In this case, the network is regard-
ed as emitting a stochastic output z taking on binary
values 0 and 1, and the analog network output o;
specifies the firing probability p(z;=1|x) =0;. It is
then expected that the actual pulse frequency is close to
the network output o;.

When a system is parameterized by an »n-
dimensional real parameter £= (&', &%, --+, £€"), its con-
ditional probability is denoted by p(z|x; &) as a func-
tion of £. For example, when such systems are realized
by a prescribed architecture of neural networks, the
parameter £ is composed of all the modifiable synaptic
weights of connections and threshold values.

Let M be the set of all such neural networks
parameterized by & Then each network in M is
specified by the coordinates £. When the manifold M
consists of neural networks, it is called the manifold of
neural networks®. We study the geometric properties
of the manifold M.

We first show an intuitive reason why the geome-
try is useful in studying non-linear systems. It should
be noted that the present theory does not directly study
the behaviors of single neural networks, but studies a
family of networks of the same architecture. Therefore,
this is a comparative study of various networks. We
can define an intrinsic distance or divergence measure
between two networks or between their behaviors. The
geometry also provides an overall view of M, which
elucidates the capabilities and limitations of the system
architecture of M.

We explain this by using a simple example of
multilayer deterministic neural networks, which emits
a continuous output

z=f(x, &)

when x is input, where & is the parameter specifying
each network. Let M be the set of all such networks.
Each network realizes a mapping from X ={x} to Z=
{z}. Let S be the set of all the continuous functions
from X to Z,

S={h(x)}.

Then, f(x, ) is also a member of S. Hence, the
manifold M of neural networks is included in S,
occupying a part of S as an n-dimensional sub-
manifold (Fig. 1).
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Fig. 1 Neural manifold M imbedded in the function space S.

Let A(x) be a function which does not belong to
M, that is, not realizable by a neural network. We
want to approximate it by a suitable function reali-
zable by a neural network. In order to answer this
problem we need a distance or divergence measure.
When S has a Euclidean structure, the best approxima-
tion is given by projecting A(x) to M. When S and M
are Riemannian, we need to project it by using a
géodesic curve. Moreover, it is interesting to know
which part M occupies in S. In order that any func-
tion A(x) in S is well approximated by a function in
M, it is necessary for M to be highly curved like the
Peano curve. This guarantees a large approximation
capacity of M. However, this contradicts learnability.
All of these properties are geometrical, explaining the
necessity of a geometrical theory.

2.2 Manifold of Boltzmann Machines

A Boltzmann machine is a recurrently connected
neural network with stochastic neurons. Let z; be the
output of the i-th neuron. The connection w;; is
assumed to be symmetric, that is w;;= wy;, and w;=0is
also assumed. Let

U;= 2 WiZ; — hz'

be the weighted sum of the output from other neurons
to the i-th neuron where 4; is a threshold. The i-th
neuron then takes z;=1 with probability f(«;) and z=
0 with probability 1—f(#;), where

1
f(u) :m.

Each neuron changes its state asynchronously.
The state of the network z=(z;) is changed stochas-
tically in this manner. Mathematically speaking, a
Boltzmann machine defines an ergodic Markov chain,
where the state space Z={z} consists of 2" elements
when # is the number of neurons. The function of the
state

E(z)=— %2 WisZizi+ 2 hiz

is called the “energy” of the state. It is easy to show
that the Markov chain satisfies the condition of
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detailed balance and that the stable distribution is
given by

p(z)=cexp{—E(2)},

where c¢ is the normalization constant.

Let £= (&%) be the set of parameters specifying a
Boltzmann machine, namely w;’s and A;’s. The set of
all the Boltzmann machines with # neurons forms a
manifold Mp with an admissible coordinate system £=
(£9®. A Boltzmann machine specified by & corre-
sponds uniquely to the stationary probability distribu-
tion

p(z; &) =cexp{—E(z; &)},

where E(z; &) is the energy function. .
Let S be the set of all the probability distributions
g={q(z)}, zE Z, over 2" atoms z, satisfying

0<q(z) <1,
3 g(z)=1.

Since a distribution ¢ is specified by 2" —1 numbers
g(z)’s, S is an (2"—1)-dimentional manifold. The
Boltzmann manifold Mj is an n(n+1) /2-dimentional
submanifold imbedded in S. Therefore, only a special
type of probability distributions are in Mp, that is, are
realizable by Boltzmann machines. In order to approx-
imate a given ¢ by a Boltzmann machine, we need
geometrical analysis of the manifolds .S and Mj.

2.3 Manifold of General Recurrent Networks

A Boltzmann machine is a recurrent network with
the restriction of the symmetry wy;=w;; and the off-
diagonality w;;=0. However, it is important to study
more general networks of recurrent connections with-
out these constraints. The set My of all the networks
with general recurrent connections forms another
manifold, where the coordinate system &= (&7)
includes n(n+1) components. The Boltzmann mani-
fold Ms can be regarded as a submanifold of Mj
specified by the constraints w;=w;; and w;;=0.

In order to apply the method of information
geometry, we need to associate a network with a
probability distribution. However, the stable distribu-
tion in this case does not have a one-to-one correspon-
dence with the network, because a number of networks
have the same stable distribution in common. There-
fore, we associate a network with the Markov chain
that the network defines, the Markov chain over the
state space Z={z}. A Markov chain is defined by the
state transition matrix p(z’|z), the probability that the
next state is g” when the present state is g. The Markov
chain of the network specified by £ is denoted by p(z/|
z; €).

Let Si be the set of all the Markov chains over the
state space Z. It is a higher dimensional manifold, in

533

which M is imbedded as a submanifold, because not
all the Markov chains are realizable by recurrent
neural networks. We can then study the geometry of
the manifold of recurrent neural networks by the
method of information geometry. This elucidates
dynamical properties of neural networks.

3. Method of Information Geometry

We present here a brief introduction to informa-
tion geometry. Refere to a monograph®, a review
paper®, etc. for details.

Let us consider a family M of probability distri-
butions p(x; &), parameterized by &, of random vari-
able x, which may be discrete, continuous or even
infinite-dimensional (in the case of stochastic process-
es). It forms a geometrical manifold with an admis-
sible coordinate system &. We first introduce a tangent
vector space to each point of M, which may be regard-
ed as a local linearization of M at each point.

Let T, be the tangent space at point £ of M (Fig.
2). It is spanned by basis vectors e, ***, e,, where ¢; is
the tangent vector along the coordinate curve &7
Mathematiciaris denote e; by 9/9¢?, calling {e;} the
natural basis associated with the coordinate system &=
(&%). The tangent space T represents the local struc-
ture of M by linearizing it. Let us introduce a metric
structure in 7, by defining the inner product <e;, ;> of
basis vectors e; and e;, The quantity g=(g;;),

gii (&) =<e;, e

is called the Riemannian metric of M.
geometry defines the metric by

g1 (&) =E[0; log p(x; &) d; log p(x; &) ],

where E denotes the expectation with respect to p(x;

&),
E[a(x)]=fp(x; £) a(x) dx,

and

Information

tangent space T

Fig.2 Tangent space T, at point &,
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The matrix (tensor) g is called the Fisher information
matrix in statistics.

" The metric defines the local distance between two
nearby systems specified by coordinates £ and £+ d€&.
Their difference can be identified with an element

dfzxdéiei

in the tangent space 7;. Therefore, the square of their
distance is given by the quadratic form

ds*={d¢, d&y=g,;dE'dE .

The meaning of the distance can be understood from
the theory of statistics. Let x;, i=1,-, N, be N
independent observations of random variable x. When
the true parameter £ is unknown, we need to estimate
it. Let £ be the maximum likelihood estimator based
on N observations. Its mean square error is
asymptotically given by

0s

E[(£'—&) (- &) ]=0,

where (g¥) is the inverse matrix of (g;;). This implies
that the distance ds of two distributions specified by &
and £+ d€ is defined by the degree of their undistin-
guishability.

A manifold M is said to be Riemannian, when it
is equipped with the metric tensor g;;(£), that is, when
the inner product is defined in every tangent space 7.
Therefore, our manifold M is Riemannian. FEach
tangent space 7; is regarded as the local linearization
at each point of the manifold M. In order to recover
its curved structure, we need to connect nearby tangent
spaces. This can be done by introducing an affine
connection, which establishes an affine correspondence
between two nearby tangent spaces.

We cannot simply say that the i-th basis vectors
e;(£) are the same or correspond to each other at
different tangent spaces. This is because the manifold
may be curved and the coordinate lines may also be
curved. Therefore, e;(£) changes as point & changes.
Its intrinsic change is defined by the covariant deriva-
tive

Ve,-ei>

which shows the intrinsic change of e;(£) as & moves
in the direction of e;. This is a vector, so that it is
represented by the components

]—"jik(g) :<Vejez'5 ek>’

which are called the coefficients of the affine connec-
tion.

By using the affine connection, we can define a
geodesic which is the generalization of a straight line.
Let
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E=£&(1)

be a curve in M parameterized by a scalar . The
tangent vector of the curve is given by

E(t)=28'(1) e;,

where « denotes d/dt. When &(z) does not change
intrinsically along the curve, that is

V:£=0,
or in the component form

D9i,E + Db’ E4 =0,
the curve is called a geodesic. Here, the covariant
derivative [7:£ is naturally extended from that of the
basis vectors, /. e;.

Two different affine connections are naturally
introduced in the manifold of probability distribu-

tions. One is the exponential connection (e-
connection) defined by

I3 (&) =E[0:9;1og p(x; &) o log p(x; &) ]

and the other is the mixture connection (m-
connection) defined by

ISR (&) =T+ Tun
where
Ty (E)=E[8:logp 9;logp o logp].

These two connections are dually coupled, and this
provides a new dual theory of differential geome-
try @

In some special but important cases, a manifold of
dual connections becomes dually flat in the sense that
the e- and m-Riemann-Christoffel curvatures vanish.
In such a case, an e-affine and m-affine coordinate
systems, denoted by =(8?) and p=(7;) exist for
which I}$=0 in the §-coordinate system and I52’=0
in the 7-coordinate system. This implies that the
@-coordinate lines are e-geodesics and the 7-
coordinate lines are m-geodesics.

A dually flat manifold has interesting properties.
There are two potential functions ¢ (§) and ¢(7) for
which

_ ¢ (6)
gij(g)_ aezagj > g

hold. Moreover, the two coordinates are connected by
the Legendre transformation

¢(0) +o(n) —>2260%:=0.

An invariant divergence measure D (P, Q) can be
introduced between two points P and Q in a dually
flat manifold M. It is given by’

D(P, Q)=¢(0p) + @ (7o) — 22 6inf,

where @r and 7¢ are the §- and -coordinates of P and

i _ o)
(77) a 07:07;
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Q, respectively. The divergence is half a square of the
Riemannian distance

D(P, P+dP) = 3g,d8'd6’,

when Q=P+ dP is infinitesimally close to P. The
divergence turns out to be the Kullback information

D(P, Q)= [p(x) 1 px) 4
(P, Q)= |p(x) log a(x)
in many cases.

The remarkable properties of a dually flat mani-

fold is that a generalized Pythagorus theorem holds in
it.
Generalized Pythagorus Theorem 1: Let P, Q, R be
three points such that the m-geodesic connecting P and
Q is orthogonal at Q to the e-geodesic connecting Q
and R. Then,

D(P,Q)+D(Q,R)=D(P,R).

This gives the following projection theorem.
Generalized Projection Theorem 2: Let ¥ be a
smooth closed region in M, and P be a point not
belonging to V. The best approximation Q of P by a
point belonging to ¥ in the sense of minimizing the
divergence D(P, Q), QEV, is given by projecting P
to dV by an m-geodesic,

min D(P, Q) =D (P, Q).

The projection is unique when V is e-convex.

The theorems are of fundamental use in elucidat-
ing the geometric properties of manifolds of neural
networks.

4. Properties of Neural Network Manifolds
4.1 Manifold of Feedforward Networks

Each network of the manifold M of feedforward
type is identified with a conditional distribution p(z|x;
£). Let p(x) be the distribution of input signals. We
then have the joint probability distribution of input-
output pairs

px, z; &) =p(x) p(z]x; ).

Therefore, the neural manifold is identified with the
manifold of probability distributions {p(x, z; &)},
where the random variable is the pair (x,z). The
metric, and e- and m-connections are defined in the
usual way. The inverse (g”) of the metric represents
the estimation errors when the network parameter is
estimated from observed input-output data pairs.

A neural manifold M is in general curved in the
manifold S of functions. However, there are some
interesting cases where the neural manifold is dually
flat. One example is the manifold of higher-order
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neurons. This case is analyzed by Amari®, giving an
invariant decomposition of approximation processes.
The meaning of the potential functions as well as the
divergence are elucidated.

Another example is the manifold of a mixture
model, in which the output probability p(z|x; &) is
given by a linear combination of component distribu-
tions a;(z|x).

p(zlx; &) =21 Eai(z]x).

Such a model is remarked recently’”, but has not yet
been analyzed in detail. It is fruitful to study such a.
model by information geometry.

4.2 Approximation of Probability by Boltzmann
Machine

Given a probability distribution ¢(z), we can find
a Boltzmann machine which approximates ¢q(z). This
is given by the learning algorithm proposed by Ackley
et al.®M. The geometry of the Boltzmann manifold
Mjp is studied in detail by Amari et al.®, It is proved that
Mp is dually flat. This implies that the best approxima-
tion is given by the m-projection of g to My. A new
learning rule is also proposed such that its trajectory is
an e-geodesic. This has much quicker convergence
than the conventional one.

However, the manifold of Boltzmann machines
with hidden units is not dually flat. Only preliminary
studies have been done, and we need deeper research
on this manifold.

4.3 Manifold of Markov Chains

Let S be the manifold of all the Markov chains
over the state space Z={z}. It is proved that S is a
dually flat manifold. The manifold My of the recurrent
neural networks forms a dually flat submanifold im-
bedded in S. Therefore, we can approximate any
Markov chain by a recurrent network. The best
approximation is given by projecting it to M by an
m-geodesic. This projection is unique, since My is
e-flat.

A Boltzmann machine also belongs to Mg,
because it is a special example of the general recurrent
network. It satisfies the constraints,

Wi = Wjs, Wi =0.

The Boltzmann manifold My may form an e-flat sub-
manifold of M. Therefore, the manifold Mj of recur-
rent neural networks is invariantly decomposed into a
foliation of flat manifolds. We can decompose a
network into two factors, a Boltzmann type stationary
component and a cyclic component.

Information geometry is expected to open a new
theory of Markov chains and of recurrent neural net-
works. This is also an important subject to be studied
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further.
5. Conclusions

Research of neural network models is not only
useful for understanding the brain functioning, but
also is important as a method of analyzing non-linear
systems. Behaviors of neural networks have so far been
studied intensively, but little attention has been paid to
the study of a family of neural networks as a whole.
Such studies are important for understanding the capa-
bilities and limitations of neural networks of a given
architecture.

Information geometry gives a new powerful
method to information sciences. It has been applied to
manifolds of neural networks of various architectures,
opening a new direction of study.
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