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Information Geometry of Boltzmann Machines

Shun-ichi Amari, Member, IEEE, Koji Kurata, and Hiroshi Nagaoka, Member, IEEE

Abstract— A Boltzmann machine is a network of stochastic
neurons. The set of all the Boltzmann machines with a fixed
topology forms a geometrical manifold of high dimension, where
modifiable synaptic weights of connections play the role of a
coordinate system to specify networks. A learning trajectory, for
example, is a curve in this manifold. It is important to study the
geometry of the neural manifold, rather than the behavior of a
single network, in order to know the capabilities and limitations
of neural networks of a fixed topology. Using the new theory
of information geometry, the present paper establishes a natural
invariant Riemannian metric and a dual pair of affine connections
on the Boltzmann neural network manifold. The meaning of
geometrical structures is elucidated from the stochastic and the
statistical point of view. This leads to a natural modification of
the Boltzmann machine learning rule.

I. INTRODUCTION

HE behavior of a single neural network may be studied

by mathematical analysis or by computer simulation.
However, it is important to study not a specific network but a
whole family of networks to elucidate the capabilities and lim-
itations of the family of networks of a fixed architecture. When
neural networks of a fixed architecture are specified by IV free
parameters, such as connection weights and threshold values,
the set of such neural networks forms an NN-dimensional
manifold in the sense of geometry. Each neural network is
regarded as a point in the manifold.

A neural manifold may be embedded, as a submanifold,
in the manifold of a more complex neural architecture or in
the manifold of a general (nonneural) information processing
system. It is interesting and important to know the intrinsic
geometry of a neural manifold. There arise two different types
of problems. One is the inner geometry of a neural manifold,
such as the intrinsic distance between two networks and the
curvature of the neural manifold and their roles in information
processing. The other is the relative geometry, which shows
how and where the neural manifold is embedded in a larger
manifold. These geometrical considerations help to discover
the ability of a family of neural networks to approximate a
given general information processing behavior, by finding the
most appropriate neural network approximation in it. These
considerations are also useful for understanding the learning
behavior of neural networks [1], because learning is a motion
in the neural manifold.
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The present paper studies the geometry of the manifold of
Boltzmann machines (Ackley, Hinton and Sejnowski 2], Aarts
and Korst [3]). Since a Boltzmann machine is uniquely related
to the stationary Gibbs distribution on the state, the manifold
of Boltzmann machines can be identified with the manifold
of stationary probability distributions, and this manifold is
embedded in the manifold of all the probability distributions.
A new differential geometry has been constructed on the
manifold of probability distributions (Amari [4], [5], Nagaoka
and Amari [6], Amari et al. [7], Chentsov [8], etc.). This
is a Reimannian manifold having dually coupled affine con-
nections. Such a dual structure has been proved to play a
fundamental role in statistical inference (Amari [5], Kumon
and Amari [9], Amari and Kuman [10], Okamoto et al. [11]),
in control systems theory (Amari [12}), and in multiterminal
information theory (Amari and Han [13], Amari [14]).

We apply this powerful new geometry to the manifold of
Boltzmann machines. It will be proved that the manifold
of Boltzmann machines without hidden units is an e-flat
manifold, so that an invariant divergence measure is intro-
duced into it. We solve the following approximation problem:
Given an information source from an environment, find the
Boltzmann machine that realizes, as faithfully as possible,
the given probability distribution as its stationary distribution.
It will be shown that the best approximation is given by
the m-geodesic projection, and is unique in the case of no
hidden units. Furthermore, a generalized Pythagorian theorem
makes it possible to decompose the approximation error in
an invariant manner. However, for Boltzmann machines with
hidden units, the corresponding manifold is not e-flat, but it
has some interesting properties. A Riemannian metric is also
introduced into the manifold of Boltzmann machines and its
meaning is explained in connection with learning.

The present paper tries to show the importance and use-
fulness of a geometric approach to the manifold of neural
networks. It is also expected that the present approach will
provide a useful method for analyzing random Markov fields
(Geman and Geman [15]), and the physicist’s theory of neural
networks (see, e.g., Amit [16], Levin, Tishby, and Solla [17],
and Seung and Sompolinsky [18]). This theory also adds a new
method to the mathematical foundations of neurocomputing
(Amari [19]; see also a related paper by Amari [20]).

II. BOLTZMANN MACHINES—STOCHASTIC
NEURAL NETWORKS

A. The Stationary Distribution of a Boltzmann Machine

A Boltzmann machine is a neural network with symmetric
recurrent connections, where each neural element fires stochas-
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tically and the firing depends on the weighted sum of inputs.
More specifically, let us consider a neural network consisting
of n neurons, and let w;; = wj; be the symmetric connection
weight between the ith neuron and the jth neuron. The self-
recurrent connection w;; is assumed to be 0. Let h; be the
threshold of the ith neuron.

Each neuron takes on two values: 1 (excited) and 0 (quies-
cent). The potential of the ¢th neuron, u;, is defined by

U; = E Wijxy — hi
J

where z; is the state of the jth neuron. In order to make the
notation simpler, we introduce the zeroth neuron whose output
is always 29 = 1, and we let the connection weight from the

zeroth neuron to the 7th neuron be w;o = —h;. Then u; can
be written
n
ui:Zwi]-:L‘j. (1)
=0

Each neuron changes its state asynchronously depending on
u;, where the new state, x;, of the ith neuron is equal to
1 with probability f(u;) and is equal to 0 with probability
1 — f(u;), and

1

flu) = 1+ exp{—u}’

()

The vector x = (z1,---,2,) is called the state of the
Boltzmann machine. The state transition is mathematically
described by a Markov chain with 2" states z. When all the
neurons are connected, it forms an ergodic Markov chain,
having a unique stationary distribution p(z). The stationary
distribution is given by

p(z) = c exp{-E(z)}, ©)
where ¢ is a normalizing constant and
E(:L‘) = = Zwijmizj (4)
i>j

is called the energy of the state . Whatever initial state of
Boltzmann machine starts from, the probability of a state x
converges to p(z), and state & appears with relative frequency
p(z) over a long course of time.

B. Learning of Boltzmann Machines

We first explain the simple case where no hidden elements
exist. Let g(x) be a probability distribution over z with which
an environmental information source emits a signal . Signals
are generated independently subject to ¢(z) and presented to
a Boltzmann machine. This machine is required to modify
its connection weights and thresholds so that it will simulate
the environmental information source. More precisely, it is
required that the stationary distribution p(z) of the Boltzmann
machine become as close to ¢(z) as possible.

Ackley et al. [2] proposed a learning rule in which the
average adjustment of w;; is given by

Awij = Awy; = e(qi — pij), )
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where ¢ is a small constant, g;; is the relative frequency
that both x; and z; are jointly excited under the probability
distribution ¢(z), and p;; is the relative frequency that both
z; and z; are jointly excited under p(x), that is, when the
Boltzmann machine is running freely. These quantities can be
written as

gij = Eqlriz;] = Y g(@)ziz;. ©)

&I

and
piy = Bplew;] =Y p(@)ziz;, (7)

where F, and FE, denote, respectively, the expectation with
respect to the probability distributions ¢(z) and p(z).

The learning rule is realized by the Hebbian synaptic
modification method in two phases. In the first phase, the input
learning phase, the connection weight w;; is increased by a
small amount whenever both x; and «; are exited by an input
x; hence on average the increment of w;; is proportional to
gij- In the second phase, the free or antilearning phase, w;;
is decreased by the same small amount whenever both z; and
x; are excited by a free state transition; hence the decrement
of w;; is proportional to p;; on average.

Ackley et al. [2] proved that the learning rule realizes
a stochastic descent of the Kullback information I(q: p)
between the two distributions ¢(x) and p(z). That is, on
average,

Aw,; = —e%. ®)
ij
where
Iq:p)=) qlz)log ZE;; : ©)
T

We may consider a more general situation where neurons
are divided into two parts, namely visible neurons and hidden
neurons. Visible neurons are divided further into input and out-
put neurons. In the learning phase inputs are applied directly
to visible neurons. Inputs are represented by a vector v =
(z;.zo) on visible neurons, where x; and To correspond
to the states on the input and output neurons, respectively,
and components on hidden neurons have no meaning in this
phase. A visible input zy- is generated from the environmental
information source. Its joint probability distribution is denoted
by q(z;,z0). The conditional distribution of zo given z; is
written as

q(z1.10)

q(zr) 1o

q(zolzr) =

where

g@r) = q(z1.70).

To

In the working or recalling phase, only input part 7 of the
xy- is applied. The stochastic state transitions take place under
this condition of fixed #, so that the conditional stationary
distribution p(zy,zo|x;) is realized, where zy denotes the



states on the hidden neurons. The distribution can be calculated
from the connection weights, thresholds, and fixed z; similar
to (3).

In this more general case the Boltzmann machine is required
to realize the conditional probability distribution g(zo|zr) of
the environment as faithfully as possible by learning. The
distribution of the state in the hidden neurons is of no concern,
but p(zo,zr) should be as close to g(zo,xr) as possible.

It can also be shown (Ackley ez al. [2]) that the learning
rule (5) gives a stochastic gradient descent of the conditional
Kullback information,

Ig:p] = Zq(zf>q($01$1)log %,

where g;; denotes the relative frequency of z; = z; = 1 under
the condition that z; and zo be fixed and p;; is the relative
frequency in the restricted free run when only zy is fixed.

(D

III. THE MANIFOLD S OF ALL THE
PROBABILITY DISTRIBUTIONS

Let S = {q(z)} be the set of all the probability distributions
over the state space X consisting of 2" states z. Since

Y al@) =1,

T

then a probability distribution is specified by 2™ — 1 numbers
q(z1). q(z2), -+ .q(xn_1), where N = 2" and x; is the ith
state among the 2V possible states. This shows that S has
2" — 1 degrees of freedom; hence S forms a manifold of
(2" — 1) dimensions.

In fact, the additional restriction

0<g(z)<1

implies S is an open simplex of 2" — 1 dimensions. Here we
exclude the boundary on which ¢(z) = 0 for some z so that
S is an open set.

The differential geometry of manifolds of probability dis-
tributions has been studied in detail (Amari [5], Chentsov [8],
Amari et al. [7]). It has a natural Riemannian metric given
by the Fisher information matrix (Rao [21]), together with a
dual pair of affine connections (Nagaoka and Amari [6], Amari
[5]). Duality of affine connections is a new concept introduced
in differential geometry from an information theory point of
view (Amari [5], Nagaoka and Amari [6]), and has been
proved to be useful in various information sciences (statistical
inference, Amari [5], Amari and Kumon [10], Okamoto et
al. [11], etc.; see also review papers by Barndorff-Nielsen,
et al. [22] and by Kass [23]; control systems theory, Amari
[12]; multiterminal information theory, Amari and Han [13],
Amari [14]). I’s rather surprising to see that the theory is
also useful for elucidating Karmarkar’s inner method in linear
programming.

It has been proved that the set of all the probability distri-
butions over a finite set forms a dually flat manifold, which
enjoys a number of good properties. The present manifold S
of all g(z) is such a manifold. Its properties are stated in this
section intuitively without proofs (see Amari [5], Amari and
Han [13]).
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Before showing them, let us introduce adequate coordinate
systems in S by expanding the logarithm of a probability
distribution g(z) as

log g(z) = Z 02 a;, + Z 052 x; x, + Z 02 g @i, 3y,
b O, (12)

where the indices in the coefficients §i1* are assumed to
satisfy

i <ig <o <l

This condition eliminates redundant expressions. There are
2" — 1 coefficients or parameters (61,65, ---,61%"™) that
specify one g(z), and 1 is a normalizing constant depending
on the parameters. Therefore, the set of #’s is a coordinate
system of S.

Let us introduce a new notation: Let I denote any subset
(il,iz,'“,im), i < iy <0 < Tm, 1 g m g n, of indices
{1,---,n}. The above parameters are then summarized in a
(2™ — 1)-dimensional vector

9= (0),

where the index I runs over all combinations (31,42, %m),
i1 < i9+ im, 1 £m £ n, and

ol — gir-in
for I = (i1, -+ ,im). Similarly, for z, we define an extended
input vector X(z):

X = (Xl)ﬂ
where

X] = 13,‘1.’21'2 . 'Iim

for I = (i1,42, - ,4m). The probability distribution g(z;6)

specified by @ is then written as

log q(z;0) = 6" X1 — 9(6) (13)
I

or
a(z:0) = exp{ 367X = y(0) }. (14)

This shows that the set S of probability distributions is an
exponential family, where the vector parameter ¢ specifying
the distribution is called the natural or canonical parameter in
statistics.

Let 7 = (1) be the expectation of the extended vector X
under the distribution ¢(z;8):

nr = Eg[X1]
= Probg{z;, =zi, = - =4, = I = (i1, ,im) },

(15)
where Ej is the expectation with respect to g(z; ). The vector

7 is called the expectation parameter in statistics, and it can
be used as a parameter specifying the distribution uniquely,
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because the relation between 6 and 7 is bijective (one-to-
one). They can be proved to be connected by the Legendre
transformation,

o) d
1_ 9 _ 9
where ¢(n) is defined by the identity
¥(6) + ¢(n) = Y _0"nr = 0. a7
The function v(#) is the cumulant generating function,
¥(6) = log (Z exp{ZHIXz(‘v)}) (18)
T I
and the function ¢(n) is the negative of entropy,
$(n) =Y _ al=: 6(n) log a(z; 6(n)). (19)

T

We can introduce two dually coupled criteria of linearity or
flatness in the manifold S. To explain them, let us consider
a curve q(z,t) connecting two distributions g¢;(z) and ¢z(x)
(Fig. 1), where ¢ is a scalar parameter such that

q(I,O) = m(-"’)
9z, 1) = q2(=).

One criterion is called the exponential criterion, which declares
that a curve is e-linear when logq(z,t) is a linear sum of
log ¢1(x) and log g2(z), namely

log q(x,t) = (1 — t)log gi(x) + tlog ga(x) + ¢

where ¢; is a normalizing constant. The set {q(z,t)} of
distributions forms an exponential family in statistics. Since
the coordinates #7 are coefficients of the logarithm of a
probability distribution as shown in (12), it gives a linear
coordinate system in the exponential criterion. Any curve, or
submanifold of S, whose parametric representation is linear
in # is said to be e-linear or e-flat. In particular, a parametric
curve § = A(t) which is linear in 6,

01(t) = a’t + b

is called an e-geodesic or e-straight line.

The other criterion is called the mixture criterion, which
declares that a curve is a m-geodesic or a m-straight line
when

oz, t) = (1 - t)qi(z) + tqa(x).

This is because this set {g(z,¢)} of distributions forms a
mixture family in statistics. Since the coordinates 7 are linear
in the distribution function g(z) as is seen from (15), it gives
a linear coordinate system in the mixture criterion. Any curve
or submanifold is m-linear or m-flat when its parametric
representation is linear in 7. In particular, a curve n = 7(t) is
m-geodesic when it is given by

ni(t) = art + br.

263

curve q(x, t)

Fig. 1.

A curve connecting ¢ (z) and ¢2(x).

tangent space

Fig. 2. Coordinate curves, tangent space, and basis vectors.

The concept of linearity or flatness should be defined first
by introducing invariant affine connections in S. Two invariant
affine connections can be introduced in the manifold of smooth
probability distributions (see Amari [5], Amari and Han [13]).
By analyzing their properties, it is found that the manifold
S is special in the sense that it is dually flat in the sense
that the e- and m-Riemann—Christoffel curvatures vanish.
This guarantees the existence of two special linear coordinate
systems, which indeed are proved to be the present # and 7.
We give a brief introduction to the dual differential geometry
in the Appendix.

It is also shown that there exists a unique invariant metric
in S. Let e; be the tangent vector along the coordinate curve
67 (Fig. 2). The tangent space at 6 is a linear space spanned
by these tangent vectors. In other words, the set {er} forms
a basis of the tangent space at each point of S. Their inner
products

gr7(0) =er-e;

define a Riemannian metric tensor gr; which forms a matrix
g = (914)-

Since the tangent space is a local linearization of the
manifold, g7y gives a local metric. The square of the distance
between two nearby distributions Q@ = ¢(z,0) and Q' =
q(z, 0 + db) specified by 6 and 8+d# is given by the quadratic
form

ds* =db-df =y grsdo’de’, (20)
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because
do =" df'e; = QQ’

is regarded as an (infinitesimally small) vector belonging to
the tangent space. Two different vectors d16 and dpf are
orthogonal when

dif - dpf =Y grsdi67ds07 = 0.

What is then the metric in our manifold S? The Fisher
information matrix can be proved to be the only invariant
metric that can be introduced in the manifold of probability
distributions (Rao [21], Chentsov [8]). It is defined by

0 e}
o1 = B| pgr logalai0) 5 e a(wi)| @D
in a general coordinate system, and in the present e-coordinate
system, it is calculated simply by the following formula:

82

g15 =

The metric tensor g!’
given by

in the dual 7-coordinate system is

52
9" () =

Fmons @)

Moreover, (g?7) and (gr) can be proved to be mutually
inverse matrices,

Z g7 gk = 6k,

where 6% is the Kronecker delta (i.e., 6% = 1whenI = K and
is 0 otherwise). This implies that {e;} and {e’} are mutually
dual or reciprocal bases of the tangent space at every point
of S,

er-el =67 (24)

It should be noted that S is a curved Riemannian manifold
from the point of view of the Riemannian metric g;;. How-
ever, it admits a pair of dually flat connections or dual criteria
by which S is flat. A dually flat manifold in general admits a
unique divergence measure between two points P and @ from

P to Q. It is defined by
D(P.Q) = $(bp) + ¢(n?) = Y 6pn?,

where 6p = (0%) is the 6-coordinates of P € S and

e = (n?) is the n-coordinates of @ € S. It is not symmetric,

but satisfies the inequality

D(P,Q) 20

(25)

with the equality if and only if P = Q. The divergence is a
generalization of the squared distance. When two points are
close, it gives half the square of the Riemannian distance,

Z gry d9 de’.

D(P,P + dP) (26)
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P

e-geodesic

m-geodesic

Q /JL R

Fig. 3. Pythagorian theorem: D(P,Q) + D(Q, R) =

D(P,R).

Fig. 4. Projection Qp from P to M.

In the present manifold S of probability distributions the
divergence between two distributions p(z) and ¢(x) turns out
to be the Kullback information,

Do) a(@) = Y p@) g ZZ = I(p:q). @D
T

e

The divergence satisfies the following two theorems (Na-
gaoka and Amari [6], Amari [5]) (Figs. 3 and 4). They show
that a dually flat manifold is indeed a dualistic generalization
of the Euclidean space.

Generalized Pythagorian Theorem: Let P, Q, and R be three
points in S such that the e-geodesic connecting P and Q is
orthogonal at the intersection Q to the m-geodesic connecting
Q@ and R. Then,

D(P,Q) + D(Q,R) = D(P,R). (28)

Projection Theorem: Let M be a smooth submanifold in .
Given a point P € S, let Qp be the point that belongs to M
and is closest to P in the sense of the divergence,

Qp = argminge » D(P, Q)

The point Qp is given by the dual geodesic projection of P
to M. Furthermore, the projection is unique when M is e-flat.

Here, Qp is said to be the geodesic projection of P to M,
when the geodesic connecting P and Qp € M is orthogonal
to M, implying that the tangent vector of the geodesic is
orthogonal to the tangent space of M at Qp.

(29)
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IV. THE BOLTZMANN WITHOUT HIDDEN UNITS

A Boltzmann machine without hidden units realizes a proba-
bility distribution p(z;w) depending on the connection matrix
w = ('wij),

log p(z; w) = Zwijmixj — P(w).

i>j

(30)

where ¢(w) is the normalization constant. Conversely, a
probability distribution of the form (30) is realized by a
Boltzmann machine with connections w;; as its stationary
distribution. Let B be the set of all the probability distributions
realized by Boltzmann machines. Since each distribution is
specified uniquely by the connection matrix w, B can also be
regarded as the set of Boltzmann machines. We call B the
Boltzmann manifold, where w plays a role of its coordinate
system.

Clearly, B is a submanifold of S. From (12) and (30) the
probability distributions realized by B are given in S in the
#-coordinates by

i
01 = W;o
i _
2 = Wy
gLt =0, m> 2.

The above relations are linear in §. This implies that I3 is an
e-linear submanifold of S, because B is characterized by the
e-linear constraints

giriz-in — m=3,--,n (31)

in the #-coordinate system of S.

Therefore, B inherits a dually linear geometrical structure
from S. Moreover, B itself forms an exponential family of
probability distributions. Its e-coordinate system is w'’, where
we use upper indices in w¥ in order to emphasize that it is
the e-affine coordinate system.

The dual coordinate system is given by

Tij = Di5 = Ew[.’ll‘il‘j] = PI‘Ob{:E,- =T; = l}.
1< g, t=0,1,---,n.
The dual coordinates are given by the corresponding part
n} and 771211'2 of the m-coordinates in S. The other parts
7i,...;, are not equal to 0 but are nonlinear functions in 7;;
when the distribution is in B. This implies that B is not an
m-linear submanifold of S. However, since B is e-linear, we
can introduce the dually related m-linear structure in B, such
that p;; give the m-linear coordinates in B.
The dually flat geometry of B elucidates the following
structure of the set of Boltzmann machines.

A. Stochastic Meanings of the Connection Weights and Thresholds

The coordinates w* obviously consist of the connection
weights w;; and thresholds —w®. This is a biological inter-
pretation. However, for an identical mathematical formulation,
physicists endow w® and -~w*® with the meaning of the
exchange energy of spins and of the local magnetization; this
is the spin-glass analogy of neural networks. We now have
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the third interpretation, the stochastic interpretation. Define
the conditional probability

p*(Il‘ =Ty = IIA) = PI’Ob{IEi =Ty = 1|A}7

where A denotes a fixed firing pattern of all the neurons other
than the ith and jth neurons. This implies, for example, that
p*(z; = z; = 1|A) is the conditional probability that both of
the ith and the jth neuron fire when all the other neurons are
in the fixed state specified by the condition A,

Theorem 1: The following relations explain the stochastic
meaning of —w® and w:

*(z; = 1]A)
0 = log P& = 1A 32
w og p*(:l/'i =O|A) ( )
and
- *"::;;-: *’;/,i: :OA
wii = log W= = U e =a; =0 - gy

p*(z; = 1,25 = 0|A)p*(z; = 0,2; = 1|A)

The relations hold for any conditions A on the other neurons.
Proof: We prove the simplest case of when the condition
A states that all the other neurons are in their quiescent state,
that is, zx = 0 for k # 4, j. The other cases can be proved
in a similar way. The probability of x:; = 2; = 1 and all the
other xy being equal to 0 is given, form (3) and (4), by

pla; = Loy = 1 A) = exp{wi; + wio + wjo — Y(w)}.
Similarly, the probability that 2; = 1 but all the other z\
being equal to 0 is

plz; = 1,25 = 0; A) = exp{w;o — ¢¥(w)}.

On the other hand, the probability that no neurons fire, i.e.,
z = (), is given by

pl; = x; = 0: A) = exp{—(w)}.
From these relations, we have
Prob{z; = 1|A}
exp(w;o) = m—}-
and
exp{w} =
Prob{z; = ; = 1|4} Prob{z; = z; = 0|A}
Prob{z; = 1,z; = 0]A} Prob{z; = 1,2; = 0|4}

This proves the theorem.

The theorem shows that w;; represents the degree of con-
ditional dependence of the firing of the ith and jth neurons,
given any fixed conditions on the states of the other neurons.
When w;; = 0, the firing of the ith and jth neurons is
conditionally independent. The fact that this does not depend
on the condition A implies that there are no mutual correlations
of more than two neurons in the stationary distribution realized
by a Boltzmann machine:

exp{w’} =
Prob{z; = z; = 1|A} Prob{z; = z; = 0|4}
Prob{z; = 1,z; = 0|A} Prob{z; = 1,1; = 0|4}
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B. The Divergence Between Two Boltzmann Machines

The divergence between two Boltzmann machines specified
by w;’ and wy’ is measured invariantly by

_ . p(z;w1)
D(wl‘, w?) - §p(wil)10g p(x’ ‘UJ2)
= P(wr) + plwz) — Y wipaijs (349
i>j

which is the Kullback information of the two distributions. In
particular, when the two machines are infinitesimally close,
then w; = w and wy = w+ dw and the divergence is half the
square of the Riemannian distance,

1 .
D(w.w+ dw) = 5 Z Gij.kt dw™ dw™.

Here the Riemannian metric is calculated from

> Opij
Gijkl = Hwii Owl w(’w) = Jwkl’ (35)
Theorem 2: The Riemannian metric tensor is given by
Gijkl = Pijkt — PisPrts  1<j, k<l (36)

where
pije1 = Prob{z; = ; = ox = 21 = 1}

Proof: We prove the case where all the indices 1, 7, k,
and [ are different. Other cases can be proved similarly, where
pijjk. for example, is interpreted as

Dijjk = PI‘Ob{.’E,' =T =T = 1}.
We have

Dij = Z TiT; exp{z wr,Ty — 1/}(“1)}
T

By differentiating it with respect to w*!, we easily have

Opi; s
Bw’gl = inxj(xkxl - pkl)exp{zw‘t%xt _ ?/)(w)}
T
because of
oy
Jukl Dl

This completes the proof.

C. The Statistical Meaning of the Metric Tensor

The metric tensor g;; i is the Fisher information matrix,
which represents the amount of information in one observed
state z that can be used to estimate the structural parameters
w" or p;;. Indeed, let p;; be the observed frequency of the
joint firing of the ith and jth neurons when the Boltzmann
machine is running freely and let %% be the maximum
likelihood estimator of w*/ based on p,;. Then it can be shown
that the estimation error is given by the following theorem.
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Theorem 3: The expected squared error (covariance matrix
of the estimator) is asymptotically given by
g g 1 .
EB[(a" —w”)(@" )] = 57", 67
where N is the number of observations and (g**!) is the
inverse matrix of (gij,ki)-

V. PROJECTION AND LEARNING

Given an environmental probability distribution g(z) we
consider the problem of realizing it by a Boltzmann machine
as faithfully as possible. Here the divergence is used as the
criterion of approximation. Since B is an e-flat submanifold
of S, then the best approximation p(z) € B is obtained by the
m-projection of g onto B,

p(z) =[] o(=), (38)
B

where []; denotes the m-projection onto B. Since B is
e-flat, the projection is unique. In other words there are no
local minima other than the global minimum in the divergence

function.
Let the #- and n-coordinates of the given g(z) be

91 = (wuangk e 7w’}l".") (39)
nr = (pijvp?jkv e »p?n) (40)

respectively. Note that w™/ here stand for w{* and w;’ and
that p,; stands for p}; and pfj‘ In order to obtain an explicit
expression of the m-projection, we use the following mixed
coordinates:

¢ = (pijiw*’), (41)

where the first part of ¢ consists of the first part p;; of the
n-coordinates and the latter part, w*!, consists of that of the
g-coordinates wilim (m 2 3).

Theorem 4: The mixed coordinates of the projection P =
[ Q of Q are given by

ép = (pi;;0). (42)

Proof: Since the w*! part of the §-coordinates of the
above £p are zero, then P is in B. The 7-coordinates of P
are

(pizsnp),
so that both P and Q are included in the submanifold

M = {n|the first part of the n-coordinates is fixed
to be equal to p;;}.

This manifold M is an m-flat manifold, because it is defined
by linear constraints in the 7)-coordinates. Therefore, the
m-geodesic connection P and Q is in M.

The tangent space of M at P is spanned by the vectors
{e’}, where J denotes the latter part of the n-coordinates.
This is because M is defined by fixing the former part of the
n-coordinates to be equal to p;;, while the latter part is free.
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On the other hand, the tangent space of B at P is spanned by
{er}, where I denotes the former part of the §-coordinates.
This is because B is defined by fixing the latter part of the
@-coordinates equal to O while the former part is free. Because
of the reciprocity of the two coordinate systems,

7 I#.J.

er-e’ = 0.
and hence M and DB are orthogonal at P. Hence, the
m-geodesic connecting P and () is orthogonal to B, proving
that the m-projection of ¢ onto B is P.

The connection weights w'/ of P can be calculated in
practice by solving

J i
= mlﬁ(w 7:0).
These weights can also be obtained by learning as follows. Let
R be the current state of a Boltzmann machine which is being
adapted to an environment (). Let P be the m-projection of
Q. Since M and B are orthogonal, the Pythagorian theorem
gives

Pij

D(Q.R) = D(Q.P) + D(P.R).

This shows that the error D(Q. R) of the current machine R is
decomposed into two terms: D(P, R), denoting the divergence
between R and the optimal machine P, and D(Q. P), denoting
the unavoidable divergence since () does not belong to B. The
latter, D(Q. P), does not depend on the current R.

Let w* be the connection weights of R. In order to improve
R we calculate the gradient of D(Q, R). It is easily calculated
from (34) to be

OD(Q.R) _ OD(P.R) _ o 4
Owi Ow Pij = Pij-

Therefore, the gradient learning method is given by
Awt = s(pfj- — pf‘j)

However, this does not have an invariant meaning. The true
steepest descent method in a Riemannian manifold should be

N e )

where (g”"“) is the inverse of the metric tensor. The merit
of the new learning rule is given by the following theorem.

Theorem 5: The trajectory of learning (44) is the m-geodesic
connecting the present point R and the optimal point P in B.

Proof: Since the corresponding change in pﬁ is rewritten
as Apﬁ» = Zg”—’“Aw“, then the learning equation gives an
m-geodesic equation in 5.

The revised learning algorithm gives an m-geodesic tra-
jectory, which is a linear equation in the 7-coordinates. This
suggests that the convergence speed is much higher and that
a large learning constant ¢ can be used to accelerate the
convergence. These effects are remarkable as the present
machine R lies close to the boundary of B, as shown by
computer simulation.

(43)

(44)

The connection weights w'/ sometimes diverge to infinity
by learning. Therefore, we need to study when divergence
occurs. We first prove the following lemma.
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Lemma: The e-coordinates #7 diverge to infinity at the
boundary of S. The e-coordinates w* diverge to infinity at
the boundary of B. Otherwise they are finite.

Proof: The e-coordinates 6 are given by the gradient of
the negative of the entropy function defined on S and B. The
gradients of the entropy functions diverge at the boundary of
S and B. This proves the lemma.

Since S is a (2" — 1)-dimensional simplex, its boundary
satisfies

p(z)=0

for some z. When the number of such z is 1 we have a
(2™ — 2)-dimensional face of the closed simplex S, and when
the number is k, we have a (2" — k — 1)-dimensional face of
S. A constraint ( p(z) = 0) can be rewritten in terms of 7y as

> M@ =0, (45)
I

where CI(z) is defined by the inclusion—exclusion relation.
By combining some of the constraints, we have constraints

of the form
Z Dip;; = 0.

which are written only in terms of p,;’s. They define the
boundary of B, which is included in the boundary of S, that
is,

(46)

0B C dS.

The constraints include the following:

1= pi+ Y pij=0 (47)
i€Q iJjEQ
where @ is any subset of indices {1,---,n}.

Theorem 6: An inner point of S is mapped to an inner point
of B by the m-projection. Some of the boundary points in S
are mapped to inner points of .

VI. BOLTZMANN MACHINES WITH HIDDEN UNITS

The manifold of Boltzmann machines with hidden units is
treated in this section. Let &1+ = (zy;) be the state of visible
units, and let 5 = (g ;) be the state of hidden units, where
the entire state of a Boltzmann machine is represented by
T = (zyv.zy). Let g(xy) be the probability distribution of
an environmental information source, which the Boltzmann
machine is to adopt to by receiving inputs.

The “energy” of the state £ = (Xy-,zy) in a Boltzmann
machine is given by

Elxyv,zy) = —{w\' Xy +wyg - Xy +wvy - XVH}.
48)

where the following notation is used:

wy - Xy = E wilw) a:;

i>j
wy - Xg = E w}}'clHavf
>

_ ij V. H
wyy - Xvyg = E Wy gty T
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Here wi,j, wg, and wiﬁ g are connection weights among the
visible units, among the hidden units, and between the visible
and hidden units, respectively. The thresholds are included in
the terms wi? and wig. The components of xv and zpy are
written as z) and =, respectively.

The stationary distribution of a Boltzmann machine is
written

plav,zu;w) = exp{=E(zv,zn) —d(w)},  (49)
where potential function ¢ is a function of w =
Wy H)-

The problem is to approximate a given g(zv) by p(zv;w)
realizable by a Boltzmann machine. The set of probability
distributions { p(zv;w)} parameterized by w is a curved
submanifold in the set Sy of ail the probability distributions
on the visible units. Therefore, it does not have the good
properties which are possessed by the manifold B of Boltz-
mann machines with no hidden units. The best approximation
is given by the Boltzmann machine with hidden units that
minimizes the divergence

Diq(zv), p(zviw)].

('LUV7 WH,

(50)

This is given by the m-projection of q € Sy to By. However,
the projection is not unique, implying the existence of a
number of local minima. Also it can be shown [2] that the
gradient of the divergence is again given by

oD
610,-]-

= -((Iz] _pij)' (51)

Since a Boltzmann machine produces a stationary distribu-
tion over the visible and hidden elements, it is more helpful to
treat the problem in the manifold Sy y of the distributions over
xz = (zv,zg) realized by Boltzmann machines with hidden
units. The submanifold Sy g forms an e-flat submanifold of
S as before. However, the environment specifies only the
marginal distribution g(zy-) on the visible elements, and we
do not care about the distribution on the hidden elements.

Given q(zv), let E, be the set of probability distributions
in Sy-z, that have the same marginal distribution g(zy-) on
the visible units, that is,

Eq = {Q(szxH)

> alav.zn) = Q(xv)} (52)

Ty

It is easy to prove that E, forms an m-flat submanifold in
S. Therefore, the problem is restated as a problem in S, that
is; search for a Boltzmann machine in B that minimizes the
divergence from E, to B,
D(E,,B) = min

(Eq. B) q€E, pE

5 Plap). (53)
We have the following theorem in connection with this restated
problem.

Theorem 7: The minimum divergence D(E,, B) in the
entire manifold is equal to the minimum divergence
Dlq(zv), Bv] in the visible manifold.
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Proof: By using the conditional distributions and mar-
ginal distributions, we have the following relation:

D[Q(IVv IH),p(Ev, zH)]
= Dlg(zv)q(zulzv), pav)p(zH|zv)]
— E,|log q(zv) g(zg|Tv)
1 plev) p(zulzv)
= D[g(zv), p(zv)]
+E,(zv)Dlg(zul|zv),p(zu|zv)]-

(54)
From this we have

D(E,, B i D(q,

(Eq,B)= _min (¢,p)

){D[q(xv),p(zv)]

+ E,Dg(zn|zv), plerlev)]}
= min Dig(zv), p(zv)] = D, Bv).

P
= min
w,q(Tu|Tv

Given q(zv,xp), its best approximation is given by the
m-geodesic projection of ¢ to B, denoted by [[p,. On the
other hand, given p(zv,zg), the distribution ¢* (zv,zg) in
E, that minimizes Diq(zv.,zu).p(zv,zx)) is given by the
e-geodesic projection of p to Eg,

¢*(zv.zg) = [[ plav.zn). (55
E
The projection is unique, because £, is m-flat, and is given
by
7 (@v.zn) = q(zv)p(zaly), (56)
which follows easily from relation (54).

This suggests the following iterative algorithm for obtaining
the best approximation p(zyv, zr;w*) € B to a given ¢(zv):
Let the initial Boltzmann machine be p(zv, T g; wo) and put

po(zv,zh) = p(Tv,THiwo).
For: = 1,2,---,

1) Put gis1(zv,zn) = [[gpi(av,zH; wi).

2) Put pipi(zy,zaswin) = [1g ie1(zv, 28).

Here, [] p denotes the e-geodesic projection of p to Eg, and

[15 g denotes the m-geodesic projection of g to B.
Theorem 8: The monotonic relation

Dlgi,pi] Z Dlgi+1,pi] Z Dlgis1,Pis1]
holds, where the equality holds only for the fixed points of
the projections; that is,
II s =0

[I,r =4 (57)
VII. CONCLUSIONS

Differential geometry provides a new method for treating
the set of all neural networks of a fixed topology as a whole.
Information geometry, which originates from the intrinsic
properties of a smooth family of probability distributions, is
also appropriate to the study of the manifold of Boltzmann
machines. This is because a Boltzmann machine is identified
with its stationary probability distribution on the state space.
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The present paper introduces the method of information
geometry to neural network research. The manifold of simple
Boltzmann machines with no hidden units is proved to be
e-flat and m-flat, so that it possesses nice properties. The
projection and approximation theorems are proved by using
the geometrical structures. The theorems are extended to the
manifold of Boltzmann machines with hidden units.

The present paper, together with Amari [20], is a first step
in constructing a geometrical theory of manifolds of neural
networks,' and furthers the geometrical theory of nonlinear
systems.

APPENDIX

A. Riemannian Manifold

A set M is said to be a manifold of dimension n when,
roughly speaking, it is locally topologically isomorphic to the
n-dimensional Euclidean space. A point of M is specified
by coordinates & = (£,€%,---,£") at least locally, and we
discuss a part covered by this coordinate system. There are
an infinite number of admissible coordinate systems in M
but geometrical structures of M are invariant under whatever
coordinate system we use.

A tangent space T¢ of M at point £ is a linear space spanned
by n vectors ey, - - - . e,, which are tangent vectors along coor-
dinate axes £'. (Note that e; is denoted by 9/d€" in a standard
textbook of differential geometry and is called the natural basis
vector of T¢.) Therefore, T¢ can be regarded as the local
linearization of M at point &, although mathematicians are
reluctant in stating in this way.

A manifold is said to be Riemannian when it has locally
a Euclidian metric structure, that is, its tangent space has an
inner product. Let

9ii(§) =ei-¢e;

be the inner product of e; and e; in T¢. The matrix g = (g;;)
determines the inner product of any vectors in T, and is
called the metric tensor. Obviously, g;;(£) changes as position
& changes. A Euclidean space is such a special manifold that
gi;(€) becomes the identity matrix § = (8;;) at any £ by taking
an adequate coordinate system (which is called the orthogonal
Cartesian system). When the manifold itself is “curved,” no
such coordinate system exists.

B. Affine Connections

A Riemannian manifold is covered by tangent spaces T
attached at all the points £ € M. In order to recover the
entire structure from the set of linear approximations T,
we need to connect neighboring 7¢’s. This can be done
by defining a correspondence between vectors belonging to
different nearby tangent spaces. More definitely, this can be
done by defining how a vector field e;({) defined at each

'Note Added in Proof: A paper entitled “Alternating Minimization and
Boltzmann Machine Learning,” by W. Byrne (to be published in this journal),
has come to the authors’ attention. This paper is closely related to Section VI
of the present paper. It should be remarked that the present geometry of the

manifold of neural networks has little to do with the geometric analysis of
the behavior of a single neural network by A. Pellionisz.
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¢ changes “intrinsically” as point ¢ moves. This change is
represented by the covariant derivative

Vezej

»

which is a vector showing how e; () changes “intrinsically
as point £ moves in the direction of the coordinate axis ¢
(that is, in the direction of e;).

Since this is a vector, its components are given by

Fir(€) = (Veie;) - e

which is a quantity having n® components and represents the
components of the affine connection. In other words, when we
define an affine connection, we can recover and understand an
entire curved structure of the original manifold M.

When an affine connection is defined, we have a geodesic
which is a curve whose tangent direction never changes as
its position changes. Let £(t) be a curve and let £(t) be its
tangent vector. Then, the geodesic (direction-invariant curve)
is defined by the differential equation

Vel =0

or

d2¢ de dgi
i "o i =0
ng dt? +;F‘J dtdt

There is a very natural affine connection called the
Levit—Civita or Riemannian connection, defined by

1, , ,
Lije = > (0igjk + 0;9ik — Orgij)-

where 9; = 0/0¢'. It is interesting to note that a geodesic
is not only a direction-invariant line but is also the shortest
line when the Levi—Civita connection is used. This nice
coincidence never occurs if another connection is introduced.

C. Parallel Transport of Vectors

When an affine connection is defined, we can transport a
vector A = Y A'e; belonging to T; “parallelly” to another
tangent space T¢/ along a curve £(t) connecting £ and £’. This
is because we have correspondences between the basis vectors
e; along the curve. This can indeed be done by solving the
differential equation

VéA(f) = 0.
where A(0) = A € T¢ and

A1) =[JAaete
&)

is the A transported in parallel fashion along £(t).

The parallel transport operation in general depends on the
path £(t) along which a vector is transported from ¢ to &'.
When, and only when, the Riemann—Chirstoffel curvature
calculated from the affine connection vanishes, the parallel
transport does not depend on the path connecting the start and
destination points. The manifold is said to be flat in this case.
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When a manifold is flat, we have an affine coordinate system
§ = (6') such that

Lijk(8) =0

in this coordinate system. This implies that the coordinate
curves are geodesics and a linear curve in @ is also a geodesic.
It should be noted that a geodesic is not necessarily a minimum
length line unless we use the Levi—Civita connection.

D. Duall Affine Connections

When the parallel transport does not change the inner
product, that is, for two vectors A and B in T, and their
parallel transports [] A and [] B along any curve satisfy

A-B=[4a-]]B

the affine connection is said to be metric. The Levi—-Civita
connection is the only metric connection without torsion.
Assume that there are two different connections in M, and
let [T and J]" be the two corresponding parallel transports.
When the inner product is kept invariant in the sense that

A-B=[[4-[] B.

we say that the two affine connections are dually coupled with
respect to the metric. The Levi-Civita connection is the self-
dual connection satisfying ] = [, that is, the connection
dual to itself. The concept of dual connections originates from
the structure of statistical inference [5], and mathematicians
are now studying its consequences.

When one dual connection is curvature free, that is, flat,
the other is automatically flat. Such a manifold is said to
be dually flat. A dually flat Riemannian manifold possesses
a number of beautiful properties. There exist two dually
coupled affine coordinate systems # and n connected to each
other by the Legendre transformation. Moreover, an invariant
divergence measure is defined in M such that the generalized
Phythagorian theorem and the generalized projection theorem
hold.

E. Manifold of Probability Distributions

Let z be a random variable whose probability distribution is
specified by p(z; ), where £ is an n-dimensional parameter.
The set M = {p(z; &)} of all such distributions forms an
n-dimensional manifold, where £ plays the role of a coordinate
system. What is the natural geometry to be introduced in M?
We pose two invariancy principles such that the geometrical
structure itself should be invariant under the parameter &
we use to specify the distributions and under the nonlinear
measure (or naming) we use to specify z.

It is proved that the Fisher information

gl](g) = E[all(ﬂ'), g)ajl(xl 5)]

is the only invariant metric, where E denotes the expectation
with respect to p(z,§), l(z,&) = logp(z,§), and
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On the other hand, we have a family of invariant connections
parameterized by a scalar a, which are given by

5= pl{o0i.0 + 15 210,00}

This is called the a-connection. In particular, the o = 1
connection is called the exponential or e-connection, and the
a = —1 connection is called the mixture or m-connection.

The important fact is that a- and —a-connections are dual
with respect to the Fisher information metric. A wide class of
important probability distributions is proved to be dually flat.
This leads to a wide area of applications.
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